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ABSTRACT
CALIBRATED BRANE SOLUTIONS OF M-THEORY
SEPTEMBER 2004
MOATAZ H. EMAM
B.Sc., CAIRO UNIVERSITY
M.Sc., CAIRO UNIVERSITY
Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST
Directed by: Doctor David Kastor
Close studies of the solitonic solutions of D = 11 N = 1 supergravity theory
provide a deeper understanding of the elusive M-theory and constitute steps towards
its final formulation. In this work, we propose the use of calibration techniques to
find localized intersecting brane solutions of the theory. We test this hypothesis by
considering Ka¨hler and special Lagrangian calibrations. We also discuss the interpre-
tation of some of these results as branes wrapped or reduced over supersymmetric
cycles of Calabi-Yau manifolds and we find the corresponding solutions in D = 5
N = 2 supergravity.
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INTRODUCTION
The current understanding in fundamental physics is that there exists a unique,
nonperturbative quantum theory in eleven spacetime dimensions, from which the
known superstring theories in ten dimensions arise as perturbative limits. The theory
is known as M-theory, and the search for its explicit form is one of physics’ greatest
challenges of the twenty first century1. The well known N = 1 D = 11 supergravity
theory is postulated to be its low energy limit. This means that its supersymmetric
solitonic solutions are also solutions of M-theory. There are exactly two BPS brane
solutions in eleven dimensions; these are the M2-brane and its magnetic dual; the M5-
brane. Other solutions may be constructed by overlaps, intersections and wrappings
of the fundamental two.
The mathematical theory of calibrations is a technique developed to find minimal
manifolds that have the ability to sustain constant spinors; a key ingredient in su-
persymmetric solutions. We use it to find solutions representing localized M-brane
intersections, and show that their metrics have the general form found earlier by
Fayyazuddin and Smith. In addition, some of these solutions are related to branes
wrapped over supersymmetric cycles of manifolds with restricted holonomy. The BPS
solutions in the reduced theory couple to fields that depend on the particular topol-
ogy of the compact space. This is what we set out to demonstrate in this work. The
dissertation is organized as follows:
1There is no general consensus as to what the ‘M’ stands for; Matrix, Membrane, Magic, Mystery,
or even Mother (of all theories), have been proposed. It is perhaps intentionally left as ambiguous
as the theory itself.
1
Chapter One We review the fundamentals of string theory and discuss the latest
developments.
Chapter Two We present a detailed review of brane physics with particular em-
phasis on intersections of M-branes. We discuss the D = 11 solutions found by
Fayyazuddin and Smith (FS) in 1999, which were the basis and motivation for
this work.
Chapter Three We present the theory of calibrations then proceed to generalize
the FS result to include various Ka¨hler calibrated cases and a certain special
Lagrangian calibrated solution. Our discussion motivates the search for five
dimensional solutions that represent the wrapping of M-branes over SLAG cal-
ibrated surfaces.
Chapter Four We dimensionally reduce the theory over a Calabi-Yau manifold and
present the result in the standard form of D = 5 supergravity theory with
hypermultiplet fields. The calculation reveals the deeply rich structure of the
lower dimensional theory.
Chapter Five We find five dimensional 2-brane solutions and interpret them as M2
and M5-branes wrapped over a torus. We show that this last corresponds to
the special case solution we found in eleven dimensions. We generalize this case
to an arbitrary Calabi-Yau manifold. The general case is studied in detail and
we briefly comment on a recently published D = 11 solution that is supposed
to reduce to it.
Conclusion We summarize our results and point out various ways with which one
can proceed in future research.
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We set the notational convention as follows. Throughout, unless otherwise men-
tioned, all Lorentzian metrics will have the signature choice (−,+, . . . ,+). The vol-
ume form is related to the totally antisymmetric Levi-Civita symbol by
εµ1µ2···µD = eε¯µ1µ2···µD , (1)
where e =
√
det gµν , ε¯012··· = +1 and
ε¯µ1µ2··· =


0 any two indices repeated
+1 even permutaions
−1 odd permutations
(2)
Other notations will be defined as the need arises.
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CHAPTER 1
ALL ROADS LEAD TO M-THEORY
The search for a theory of everything (TOE) is certainly theoretical physics’ most
exciting quest of the new century, if not of the millennium. In this chapter, we will
describe the current status of this task in an attempt to motivate this work and
demonstrate how it fits in the big picture. A quick glance at Fig.(1.1) summarizes
the story. We will start with a discussion of the inner circle in the figure, then expand
and contract in order to link the whole picture together.
Currently, our most successful understanding of the fundamental workings of the
universe is manifest in the collection of theories known as the standard model (SM),
which in turn is based on the principles of quantum field theory. Absent in the model
is any characterization of the gravitational field. This last is described classically by
the general theory of relativity (GR), but all attempts at a quantum description of
gravity are, at best, purely theoretical with no experimental backing.
In many physicists’ view, the beauty of the standard model lies in the fact that
it has shown us that nature is based on simple principles of symmetry. In addition,
the standard model has managed to provide us with incredibly accurate predictions
of the properties of elementary particles. Despite this success, many feel that the
standard model is lacking in several respects. Foremost among those is its failure to
account for the gravitational field, in that quantizing general relativity yields only an
effective field theory over large length scales. Another weakness is the arbitrariness of
the model; in that it contains far too many dimensionless parameters. In addition to
that, the appearance of ultraviolet divergences, albeit removable by renormalization,
4
M-Theory
Type IIA
Type IIB
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SO(32)
E8 × E8
D=11 SUGRA
Type IIA
Type IIB
Type I
Type I
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✒■
TT
S1S1/Z2
✻
Figure 1.1. The current state of string theory: The inner circle gives the five known
superstring theories in ten dimensions. The outer circle represents the three known
supergravity theories in ten dimensions in addition to the eleven dimensional theory.
signals our ignorance of an even deeper structure of nature. The origin of these
divergencies can be traced to the fact that elementary particles are treated as point
objects. Attempts to remedy this situation have been with us as early as the late
nineteenth century via the works of Poincare´ and others on the problem in its classical
form. But a truly divergence-free quantum model of all interactions, including gravity,
has not been proposed until the discovery of string theory in the 1970’s. One of the
theory’s major attractive features is that it is quite self-contained. Once a few initial
assumptions are made, the theory appears to require no further adjustment, but
rather spews out its own requirements. It even tells us what number of spacetime
dimensions it wishes to live in, a feat unaccomplished by any previous theory.
We will proceed to tell the tale from the start. In addition to cited sources, we will
freely quote from the standard texts [76, 112]. Other excellent reviews and lecture
notes include [41, 53, 66, 127, 113, 144, 149].
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1.1 Constructing a theory of strings
We begin by assuming that all particles are described by oscillating strings, freely
propagating in a flat D-dimensional spacetime background. In addition, we demand
that the theory be Poincare´ invariant. Later, we will see that this is not enough, a
deeper symmetry is required.
The simplest Poincare´ invariant string action is the Nambu-Goto action:
SNG = − 1
2πα′
∫
dτdσ
√
− det hab
= − 1
2πα′
∫
dτdσ
√
− |(∂aXµ) (∂bXν) ηµν |, (1.1)
where τ is the proper time of the string’s worldsheet, and σ is the proper length1.
The indices a and b run over (σ, τ ), and hab is the induced metric of the target space,
defining the pullback of spacetime on the worldsheet. The spacetime coordinates
Xµ (σ, τ ) (µ, ν = 0, . . .D − 1) describe the embedding of the worldsheet in the flat
background. The overall numerical factor is the tension of the string, or its mass per
unit length. For historical reasons, the constant α′ is known as the Regge slope, and
sets the size scale of the theory2.
Mathematically, what this action describes is simply the area of a (1 + 1) di-
mensional surface embedded in RD−1,1, and invariant under SO (D − 1, 1) rotations.
Minimizing this action amounts to minimizing the surface area of the worldsheet
described by the string as its sweeps its way through spacetime.
The square root in the Nambu-Goto action is a cumbersome object in a quantum
theory. It is avoided by defining an equivalent action, in that it provides the same
1In the more familiar case of point particle theory, one number only; the proper time, is sufficient
to parameterize the particle’s worldline.
2Based on estimates of graviton exchange between two particles one finds that the length scale
of the string has to be of the order of the Planck length lP = 1.6 × 10−33cm. This translates into
the Planck mass MP = 1.22× 1019GeV, which explains why the stringy nature of particles (if at all
correct) has not been observed in present day particle accelerators.
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equations of motion, known as the Polyakov action:
SP = − 1
4πα′
∫
dτdσ
√−γγab (∂aXµ) (∂bXν) ηµν , (1.2)
where γab is the worldsheet Lorentzian metric and γ = det γab. The action is math-
ematically equivalent to a free scalar field theory in a two dimensional background.
In this interpretation, the index µ simply counts the scalar fields X . For this reason,
the spacetime coordinates Xµ are sometimes called worldsheet fields. They are D
noninteracting massless scalar fields in a (1+1) dimensional world with a metric γab.
In addition to D-dimensional Poincare´ invariance, we find that the action is also
diffeomorphism invariant under a change of worldsheet coordinates andWeyl invariant
under rescaling of the worldsheet metric. In fact, Weyl invariance is only possible in
the case of a two dimensional worldsheet, making the string more prominent among
other extended objects such as membranes.
Varying the action with respect to γab shows that it is proportional to the induced
metric hab and yields the energy-momentum tensor on the worldsheet in the usual
manner. Plugging this in (1.2) retrieves (1.1). Varying with respect to Xµ yields the
required string equations of motion:
∇2Xµ = 0, (1.3)
where the Laplacian is with respect to the worldsheet coordinates. This is a single
string propagating without sources. Since the canonical momentum to Xµ is (∂aX
µ),
we find that, for an open string, we are forced to impose Neumann boundary condi-
tions in order to avoid momentum flow off the ends of the string. For a closed string
we choose periodic boundary condition.
Although the Nambu-Goto and Polyakov actions are the simplest one can write,
we demand that the theory be as general as possible under its given symmetries. We
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find that we can add one more term to the theory that preserves (diff×Weyl) and
Poincare´ invariances, while keeping the action polynomial in derivatives. This term
is as follows
Sχ = λχ = λ (2− 2g) = λ
4π
∫
dτdσ
√−γR, (1.4)
where R is the Ricci scalar of the worldsheet, λ is a numerical factor, g is the genus
of string loop diagrams and χ is the Euler characteristic of the worldsheet. Since this
term is topologically invariant, it does not alter the equations of motion, but rather
plays the role of the string coupling constant in string interactions; gs ∼ eλ.
1.1.1 The string spectrum
The string equation of motion (1.3) is obviously a wave equation. For open strings,
the most general form of its solution, with Neumann boundary conditions, may be
written as an expansion in Fourier modes as follows:
Xµ (σ, τ ) = xµ + 2α′pµτ + i
√
2α′
n=∞∑
n=−∞
n 6=0
1
n
αµne
−inτ cos (nσ), (1.5)
where xµ and pµ are the position and momentum vectors of the center of mass of
the string respectively, and αµn are the Fourier coefficients, which in the quantum
theory are interpreted as annihilation and creation operators in the Hilbert space of
the string’s oscillations. For closed strings with periodic boundary conditions, there
are two solutions; one for right moving waves and the other for left moving waves.
Corresponding to each direction of motion, there are two sets of annihilation and
creation operators; α and α˜. The Hilbert space of string oscillations naturally has
number operators for each case that can be used to find the string spectrum in the
usual manner familiar from field theory. The general state for an open string moving
in spacetime with center of mass momentum p can be constructed as follows:
8
|N ; p〉 =
[
D−1∏
µ=2
∞∏
n=1
(αµ−n)
Nin
(nNinNin!)
1/2
]
|0; p〉 , (1.6)
where the corresponding spectrum for the closed string states contains two sets of α’s
and an extra N˜ for waves moving in the opposite direction to those belonging to N .
The masses of open string states can be calculated via the formula
m2 =
1
α′
(N − 1) , (1.7)
where we have used the fact that this string theory lives in D = 26 spacetime dimen-
sions as required by the cancellation of quantum anomalies3. Obviously, the ground
state of the theory (N = 0) is tachyonic. This signals the instability of the theory
and can only be dealt with by introducing an even more general spacetime symmetry
than Poincare´’s, as we will see shortly.
For closed strings the formula is
m2 =
2
α′
(
N + N˜ − 2
)
. (1.8)
The string states presumed to yield the observed elementary particles in lower
dimensions are the ones corresponding to N = N˜ = 1, representing massless particles.
An important such state is a particle with spin two. This, naturally, is interpreted as
the graviton4, confirming that string theory necessarily contains gravity as a solution.
Since the harmonics on the string can go arbitrarily high, we find that there is an
infinite tower of massive states allowed on the string. The masses of these ‘particles’
are of the order of the Planck mass, making them highly inaccessible to us. It is
3Featured by the vanishing of negative norm states, or ghosts.
4A spin two boson is the minimum possibility for a force-carrying particle to be attractive only.
For a review of this argument, we recommend Feynman’s excellent, albeit outdated, book [64].
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assumed that the particles we observe today are the result of the massless string
states, acquiring mass via spontaneous symmetry breaking.
1.1.2 Interactions and other issues
In ordinary field theories, one normally adds new terms to the action in order
to account for interactions. String theory, as we have noted before, is quite self-
contained, in that one need add no more terms to the ‘free’ string action in order to
introduce interactions. The theory contains within itself all the necessary informa-
tion required to calculate multi-string collision cross sections. Applying Feynman’s
path integral quantization method starts by formulating the so called Polyakov path
integral:
ZP =
∫
[dXdγ] e−S[X,γ], (1.9)
where from here on, γ is redefined to be a Euclidean worldsheet metric instead of a
Lorentzian one as has been previously assumed5. The action S is the Polyakov action
plus the Euler characteristic term. The integral is performed over all string topologies
possible, where the lowest order diagram for the closed string is the sphere, the first
order diagram is the genus-one torus and so on. This is where the Euler term in the
action shows prominence.
Treated as a two dimensional conformal field theory, one can show that string
theory in a flat 26-dimensional background can be reformulated as if it were in a
curved background. Roughly speaking, a theory of strings on a curved background is
equivalent to one embedded in a flat metric with a background teaming with coherent
gravitonic string states. This enables us to rewrite the Polyakov action in terms of
a curved background metric Gµν (X). We further generalize this by including other
massless background fields; namely a totally antisymmetric tensor field Bµν (X) and
a scalar field φ known as the dilaton. So, even though these are stringy states, one
5This, of course, is clear from the absence of a factor of i in the exponent of (1.9).
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can treat them as independent fields that couple to the string. The Polyakov action
then becomes
Sσ =
1
4πα′
∫
dτdσ
√
γ
[(
γabGµν + iε
abBµν
)
(∂aX
µ) (∂bX
ν) + α′Rφ
]
. (1.10)
For historical reasons, this action is known as the sigma model [12]. In addition
to these fields, we will see in the next section that certain p-form gauge fields arise in
superstring theory. Again, these are really massless string states which we organize in
terms of classical background fields. In other words, the spectrum of massless states
in string theory is identical to that of a free field theory with such fields.
An important thing to note about string theory is that there are no free parame-
ters. The Regge slope α′ is dimensionful, setting the scale of the theory, hence not a
free parameter and can simply be absorbed in the definition of Xµ. What about the
coupling constant gs arising from the Euler characteristic term? It turns out that this
is dependent on the expectation value of the dilaton field, hence not really a constant,
but a parameter that may, in principle, be determined from the dynamics.
1.2 Superstrings
The string theory briefly reviewed in the last section suffers from some serious
drawbacks. Firstly, its ground state is a tachyon, signaling the instability of the
vacuum. Secondly, it contains only bosonic degrees of freedom, meaning that it can
only account for spacetime bosons. Thirdly, it is consistent and anomaly free only in
26 spacetime dimensions. The first and second problems can be fully solved, along
with a partial solution to the third, with a single stroke.
If the Polyakov action deals with the (commuting) bosonic degrees of freedom Xµ,
then perhaps the solution to the absence of fermions is to add more terms that would
correspond to (anticommuting) fermionic worldsheet fields. Does this mean that we
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have to forgo our insistence that the theory is self-contained within its symmetries
and start adding terms by hand whenever deemed convenient? Not necessarily. The
keyword here is ‘symmetries’. If one starts with Poincare´ symmetry only, we find the
bosonic theory discussed before, with (diff×Weyl) invariance as a bonus. However,
Poincare´’s is not the most general spacetime symmetry possible. In fact, it has been
argued in the literature that the only possible generalization of Poincare´ invariance
is a symmetry that ascribes both bosonic and fermionic degrees of freedom to all
particles (read: strings), and demands the invariance of physics under rotations in
this generalized ‘superspace’. This is, of course, supersymmetry (SUSY). One could
have started this chapter by demanding that our action be supersymmetric from the
beginning, in which case the Polyakov action would have been originally written with
worldsheet fermions included. In gauge fixed form, this is
S =
1
4π
∫
d2z
[
2
α′
(∂Xµ)
(
∂¯Xν
)
+ ψµ
(
∂¯ψν
)
+ ψ˜µ(∂ψ˜ν)
]
ηµν , (1.11)
where the spinor ψ and its adjoint ψ˜ are the fermionic degrees of freedom (massless
worldsheet fermions), with Dirac Γ matrices obeying the Clifford algebra {Γa,Γb} =
2ηab in the usual manner. As is conventional, we have switched to the coordinate
redefinition
z = σ + iτ, z¯ = σ − iτ,
dz2 = 2dτdσ. (1.12)
In addition, Diff and Weyl symmetries allow us to choose the worldsheet metric
γab to be locally flat γab → ηab. This enables us to study the conformal invariance of
the two dimensional worldsheet theory and use its nature as a conformal field theory
(CFT) to calculate probability amplitudes. Note that the equations of motion one
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gets by varying the action with respect to the ψ’s are none other than the Dirac
equations for massless fermions in two dimensional flat spacetime.
Furthermore, as a supersymmetric theory, this action is invariant under a set of
infinitesimal superconformal transformations that interchanges bosonic and fermionic
degrees of freedom.
It is worthwhile emphasizing that supersymmetry is the maximal spacetime sym-
metry6. No further generalizations are possible. Hence, with the addition of the Euler
term as usual, the action (1.11) is the most symmetric string action one can write.
1.2.1 Neveau-Schwarz and Ramond
In the case of the closed string, one finds that a fermionic oscillation, as it travels
full circle around the string, has the choice of returning back to either itself or negative
itself. These periodicity conditions are called:
Ramond (R) : ψµ (z + 2π) = +ψµ (z) , (1.13)
Neveau − Schwarz (NS) : ψµ (z + 2π) = −ψµ (z) , (1.14)
for all values of µ. The same conditions are imposed on ψ˜ also. To investigate the
spectrum in a given sector, we may expand the fermionic degrees of freedom similarly
to (1.5) as a Fourier series:
ψµ (z) = i−
1
2
∑
r∈Z+v
ψµr e
irz, (1.15)
and similarly for ψ˜. The coefficients ψµr and ψ˜
µ
r are the analogues to the bosonic α
µ
n
and α˜µn; they create and annihilate worldsheet fermions.
6To be more precise, it is the most general symmetry that mixes space and time with internal
degrees of freedom.
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The choice of periodicity conditions enables us to write:
ψµ (z + 2π) = e2πivψµ (z)
ψ˜µ (z¯ + 2π) = e−2πiv˜ψ˜µ (z¯)
(1.16)
where v and v˜ take the values 0 and 1
2
. So, for the four possible combinations of v and
v˜, corresponding to periodic and antiperiodic boundary conditions for either right or
left moving fermionic waves, we get four different Hilbert spaces; NS-NS, R-NS, NS-R
and R-R.
The NS and R sectors are in the tensorial and spinorial representations of SO(9, 1)
Lorentz algebra respectively. Obviously then, the NS-NS and R-R sectors contribute
integer spin states; the spacetime bosons of the theory (as opposed to worldsheet
bosons). Their spacetime fermionic partners come from the R-NS and NS-R sectors.
Presumably, upon dropping down to four dimensions and SUSY breaking, these are
the objects responsible for what we observe as the particles of the standard model.
The NS-NS sector is the one responsible for the graviton Gµν , the antisymmetric Bµν
field and the dilaton φ. It is sometimes called the universal sector since it is present in
bosonic string theory (as we saw explicitly in §1.1.2) as well as all superstring theories
discussed in the next subsection.
1.2.2 Superstrings in ten dimensions
The discovery of supersymmetry solved the absence of fermions problem in string
theory as we saw in the last subsection. In addition to that, it turns out that the prob-
lem of the extra dimensions is also partially solved. Supersymmetry puts additional
constraints on the theory in such a way that the cancellation of quantum anomalies
now requires the theory to live in ‘only’ ten spacetime dimensions. Furthermore,
worldsheet supersymmetry has a property known as modular invariance that allows
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us to define the so called GSO projection, which projects out unphysical string states7.
Foremost among those is the tachyonic ground state. So, supersymmetry also takes
care of the vacuum instability that has beset the bosonic theory.
Putting all of the SUSY restrictions together, we find that the number of physically
feasible superstring theories is exactly five. These are:
Type IIA string theory This theory is N = 2 supersymmetric, as denoted by the
“II” in its name. The strings are closed and orientable. The gauge symmetry
is U(1), provided by a R-R 1-form field Aµ. In addition, the theory contains a
3-form gauge field Cµνρ. These R-R p-form fields will play an essential role in
our discussion of the solitonic solutions of string theory, known as branes.
Type IIB string theory A theory of closed orientable strings with N = 2 super-
symmetry containing no gauge symmetry. In addition to the universal sector
present in all five theories, the R-R sector contributes another scalar field ℓ and
a second antisymmetric tensor field Cµν as well as a 4-form Cµνρσ with self-dual
field strength.
Type I string theory The only theory with both open and closed strings. It is
N = 1 supersymmetric with unorientable strings. The theory has SO(32)
gauge symmetry.
SO(32) heterotic string theory A theory of closed orientable strings with N = 1
supersymmetry. The gauge group is, as implied by the name, SO(32). A
heterotic theory is constructed by considering the possibility that the number
7The action 1.11 is worldsheet supersymmetric, the GSO projection is required in order to realize
spacetime supersymmetry. The standard quantization approach known as the Ramond-Neveau-
Schwartz formalism uses the GSO projection. Another approach known as the light-cone Green-
Schwartz formalism does not, and spacetime SUSY is explicit from the start. However, this super-
string theory cannot be quantized in a fully covariant way, hence it is rarely used.
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of left moving oscillations is not necessarily the same as the number of right
movers.
E8 ×E8 heterotic string theory Also N = 1 with orientable strings. The gauge
group is E8 × E8. It turns out that this particular theory is the most likely
candidate for a theory that produces the standard model. This can be seen by
noting that the exceptional group E8 contains within it SU(3)× SU(2)×U(1)
as a subgroup. This is of course the group structure of the standard model. The
other E8 predicts another “parallel standard model” that has not been observed
in nature. For this reason, this second E8 is said to be responsible for a “shadow
world” that is closely related to ours but not as easily observable.
Although only five superstring theories are physically possible, this still seemed
like an embarrassment of riches, as one would normally hope for a unique theory.
As it turns out, certain relations known as dualities have been found that connect
all five theories together, showing that they are not independent after all, but rather
descriptions of five different sectors of a single truly unique theory.
1.3 Supergravity
The set of theories known as supergravity (SUGRA) have been constructed as
early as the 1970’s and developed quite separately from string theory. These are
what one gets by combining Einstein’s general relativity with supersymmetry in any
arbitrary number of dimensions8. As it turns out, supergravity theories are in fact low
energy limits of string theory. Basically, one expands the string action in α′ and drops
all terms of O(α′2) and higher. This is of course not the way supergravity theories
were originally discovered. Historically, they were constructed by supersymmetrizing
the Einstein-Hilbert action and hoping that it gave a theory of everything unifying
8There are constraints on this as we will note later.
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all interactions with gravity. This did not work, mainly because on quantization the
theories were found to be as nonrenormalizable as general relativity itself. Hence they
can either be totally wrong or, at best, low energy effective limits of a better idea,
which is indeed what they turned out to be.
Another way to construct a supergravity theory is to begin with a supersym-
metric Yang-Mills theory without gravity and then insist that the supersymmetry
transformations act locally, i.e. become spacetime dependent. Surprisingly, or per-
haps not so much, this automatically introduces gravity in the theory. This can
roughly be understood as follows: Treated as a Noether symmetry, supersymmetry
has a set of generators known as the supercharges Q. The operation of those charges
on either bosons or fermions is what flips them to the other side. They are anticom-
muting spinorial operators that obey algebras of the general form (spinorial indices
suppressed):
{Q,Q} ∼ ΓµPµ +
∑
n
Γµ1···µnZµ1···µn (1.17)
where the Γµ1···µn matrices are the antisymmetrized products of the usual Dirac Γµ
matrices. The second term is a sum over all possible values of n as dictated by
supersymmetry in the particular spacetime dimensions we are interested in. The Z
operators are related to the gauge potentials of the theory and when diagonalized
yield the central charges. We will have more to say about this term later. The
important parameter for our purposes here is the vector Pµ. This is the energy-
momentum vector in D dimensions and is, of course, the generator of translations.
Phenomenologically, we may view the presence of this vector as follows: Suppose two
bosonic point particles are located in the same spacetime location. Now consider a
supersymmetric transformation that is induced on these particles at some instant in
time, changing them into fermions. Fermions cannot, by virtue of Pauli’s exclusion
principle, stay at the same point. We conclude that the two particles must move
apart, i.e. a translation has occurred.
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The presence of the spacetime translation operator means spacetime diffeomor-
phisms, and the invariant actions are generalizations of the Einstein-Hilbert action,
i.e. gravity arises naturally in a locally supersymmetric theory. Our conclusion then
is that supersymmetry is not such an arbitrary restriction on nature, but rather a
maximal symmetry of spacetime with far reaching implications.
Now, we will give a quick review of ten dimensional supergravity theories and
how they relate to the superstring theories. Eventually, we will focus on two other
SUGRA theories that will become of interest to this work later on. The reader will
note that, as is traditional, only the Bosonic parts of the actions are displayed. In
addition to that, one also needs to construct the supersymmetry transformations each
(full) action is invariant under.
Type IIA string theory reduces to type IIA SUGRA with the action:
SIIA =
1
2κ210
∫
d10x
√−Ge−2φ
[
R + 4 (∂µφ) (∂
µφ)− 1
2
(dB2)
2
]
,
− 1
4κ210
∫
d10x
√−G [(dA1)2 + (dC3 − A1 ∧ dB2)2],
− 1
4κ210
∫
B2 ∧ dC3 ∧ dC3. (1.18)
The last term is known as a Chern-Simons (CS) term. As we will see, CS terms
are abundant in supergravity theories. They are invariant under the gauge
transformation only up to a total derivative. From the NS-NS sector, we have
the graviton G, the dilaton φ and the antisymmetric B field as usual. The R-R
sector gives the U(1) A1 field (the subscript giving the value of p in p-form),
and the 3-form C3 field. As usual, ‘d’ is the exterior derivative acting on p-
forms. Finally, κ is a constant relating Newton’s gravitational constant in ten
dimensions with the Planck length scale. For simplicity, we will refer to κ as
Newton’s constant.
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Type IIB string theory reduces to type IIB SUGRA. However, due to the pres-
ence of the self dual field strength dC4 = ⋆dC4, where ⋆ is the Hodge dual
operator, a covariant action of the theory is not known, but the following comes
close:
SIIB =
1
2κ210
∫
d10x
√−Ge−2φ
[
R + 4 (∂µφ) (∂
µφ)− 1
2
(dB2)
2
]
,
− 1
4κ210
∫
d10x
√−G
[
(dℓ)2 + F˜ 23 +
1
2
F˜ 25
]
,
− 1
4κ210
∫
C4 ∧ dB2 ∧ dC2, (1.19)
F˜3 = dC2 − ℓ ∧ dB2,
F˜5 = dC4 − 1
2
C2 ∧ dB2 + 1
2
B2 ∧ dC2. (1.20)
In addition, we impose the self duality of dC4 on the equations of motion.
Type I string theory reduces to type I SUGRA with the following action:
SI =
1
2κ210
∫
d10x
√−Ge−2φ
[
R + 4 (∂µφ) (∂
µφ)− 1
2
F˜ 23
]
− 1
4κ210
∫
e−φTr (dA1)
2, (1.21)
where F˜3 = dC2 − 1
2
Tr
(
A1 ∧ dA1 + 2
3
A1 ∧A1 ∧ A1
)
, (1.22)
and the trace is over the internal SO(32) indices.
The heterotic string theories both reduce to type I SUGRA since they have the
same N = 1 supersymmetry, except that now the exponent of the dilaton is the
same throughout, and the gauge fields will be either SO(32) or E8 × E8:
SI =
1
2κ210
∫
d10x
√−Ge−2φ
[
R + 4 (∂µφ) (∂
µφ)− 1
2
F˜ 23 +
1
2
Tr (dA1)
2
]
(1.23)
with F˜3 defined by (1.22).
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1.3.1 N = 1 D = 11 supergravity
Since supergravity was developed independently of string theory, it was natural to
try to formulate SUGRA theories in all possible dimensions. This was indeed done in
all dimensions between four and ten. As it turns out, supersymmetry can only occur
with values N = 2n, where n is an integer. There is a maximum limit, however, to
this that is dimension dependent. For example, in five dimensions, only theories with
N =2, 4 or 8 SUSY can be constructed. If one tries to go beyond the maximum, we
find that we need to introduce massless bosonic fields with spins greater than two,
which, in the quantum theory, causes unitarity violation.
Based on this, it turns out that the maximum number of dimensions where SUSY
can be constructed is eleven, where a single uniqueN = 1 theory with 32 supercharges
(corresponding to the dimension of its spinors) lives9. Since string theory is only
consistent in ten dimensions, there did not appear to be any relation between strings
and D = 11 SUGRA [39]. It was later realized, however, that there was indeed a
subtle and profound relationship between the two theories, which we will discuss later.
In fact, D = 11 SUGRA is now one of the main roads to the ultimate theory. This is
the road along which, in fact, this work proceeds.
The bosonic part of the action is as follows:
S11 =
∫
d11x
√−G
[
R− 1
48
F 2
]
− 1
6
∫
A ∧ F ∧ F, (1.24)
where, for simplicity, we have assumed units where Newton’s constant κ11 is equal to
1/
√
2, otherwise each of the terms in the action would be multiplied by a factor of
9If one allows for more than one time dimension, it turns out that N = 1 supersymmetric
theories can be constructed in (10+2) and (6+6) spacetimes. Extra time dimensions, however,
cause the theory to be unstable. In addition, there is no experimental evidence for the existence of
more than one time dimension. Of course, there is as yet no evidence of more than three spatial
dimensions either, but those are at least phenomenologically acceptable in that they do not cause
any serious defects in the theory [140, 141].
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1/2κ211. The theory contains gravity, a single gravitino field ψ, and a 3-form gauge
field AMNP , where the indices are eleven dimensional (M,N = 0, . . . , 10). The field
strength and its Hodge dual are defined in the usual manner:
A =
1
3!
AMNPdx
M ∧ dxN ∧ dxP
F = dA =
1
4!
FLMNPdx
L ∧ dxM ∧ dxN ∧ dxP
FLMNP = ∂LAMNP − ∂MALNP + ∂NALMP − ∂PALMN ,
⋆F =
1
7!
FLMNOPQRdx
L ∧ dxM ∧ dxN ∧ dxO ∧ dxP ∧ dxQ ∧ dxR
FLMNOPQR =
1
4!
εLMNOPQRABCDF
ABCD. (1.25)
The full action is invariant under the infinitesimal supersymmetry transforma-
tions:
δǫe
Aˆ
M = −
i
2
ǫ¯ΓAˆψM (1.26)
δǫψM = 2∇Mǫ+ i
144
FLNPQ
(
Γ LNPQM − 8δLMΓNPQ
)
ǫ (1.27)
δǫAMNP =
3
2
ǫ¯Γ[MN ψP ], (1.28)
where ǫ is the 32-component SUSY spinor, hated indices are eleven dimensional flat
indices in a tangent space (also known as frame indices), e is the veilbeins defined by
(A.14), and the covariant derivative is defined by:
∇Mǫ = (∂M ǫ) + 1
4
ω LˆNˆM ΓLˆNˆǫ, (1.29)
where the ω’s are the spin connections.
The equation of motion for the gauge field is as follows:
d ⋆ F +
1
2
F ∧ F = 0, (1.30)
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giving rise to the conservation of an ‘electric’ charge
QE =
∫
∂M8
⋆F +
1
2
A ∧ F , (1.31)
while the Bianchi identity dF = 0 gives rise to the conserved magnetic charge
QM =
∫
∂M5
F. (1.32)
The supersymmetry algebra (1.17) of the theory is (spinorial indices suppressed):
{Q,Q} = C (ΓAPA + ΓABZAB + ΓABCDEZABCDE) . (1.33)
The Γ matrices in eleven dimensions follow the Clifford algebra
{ΓM ,ΓN} = 2GMN . (1.34)
They are real 32×32 matrices acting on the 32-component Majorana spinors ǫ, the
space of which carries the Spin(10, 1)-invariant symplectic charge conjugation form
C, which may be used to raise or lower spinorial indices.
This sums up the basic properties of eleven dimensional supergravity. We will
postpone further discussion, particularly of its solutions, to chapter (2).
1.4 A note on compactification
String theory started out in twenty six spacetime dimensions. Supersymmetry
reduced that number to ten, but we still need to address the question of where are
the extra six spatial dimensions that we do not observe in our (very) low energy
universe. The main dogma in string theory is that these dimensions are wrapped
around closed cycles of very small manifolds.
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For example, one can imagine the simplest possible situation, where only one extra
dimension is wrapped over a circle. Let us say we can do that for a direction y:
y = y + 2πR, (1.35)
with R obviously being the radius of compactification. As discovered by Kaluza and
Klein almost ninety years ago, every time a dimension is compactified a new field or
more is generated in the lower dimensional theory. It is as if the fields one observes in
the universe are nothing more than manifestations of the geometrical and topological
properties of the compact manifold over which the dimensions are wrapped10.
If we choose to wrap all the extra dimensions over circles, then the manifold we
have wrapped over is nothing more than the six dimensional torus T 6. This is the
simplest form of compactification, more of which will be discussed in the next section
in the context of T-duality. One can make things even more interesting by further
complicating the topology. Six dimensions allow for a lot of freedom of movement
and one can ‘imagine’ creating a huge number of topologically inequivalent compact
manifolds. So, if nature has chosen to compactify, what type of manifold has been
picked, and why?
One way of answering this question, other than actually discovering the com-
pactification mechanism, is to note that supersymmetry is either totally or partially
broken by compactifications11. Phenomenologically, it is hoped that some supersym-
metry would be preserved below the compactification energy scale, since it helps in
answering many questions in the standard model; for example the hierarchy problem.
10This becomes particularly believable when one observes that the starting theory in eleven di-
mensions is purely gravitational with no matter content. The 3-form gauge field can be thought of
as a classical limit to quantum processes, in the same way tensor and p-form fields in string theory
are averages over string states.
11This is easily seen when noting that every time a dimension is wrapped, a preferred spatial
direction is being chosen, breaking Poincare´ symmetry. Since Poincare´ symmetry is a subgroup of
supersymmetry, then so is the later broken.
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Most researchers hope to discover supersymmetry somewhere in the TeV regime. So
one assumes that whatever compactification mechanism has been chosen by string
theory, the compactification submanifold is of such nature as to preserve some frac-
tion of supersymmetry.
In order to do so, one needs to show that the compactification submanifold admits
covariantly constant spinors. A six dimensional manifold that satisfies this property
is one that admits SU(3) holonomy. This means that a parallel-transported vector
on a closed path on the manifold would return not to itself, but rather rotated by a
matrix belonging to the group SU(3). If the closed path is contractable to a point,
this is called a restricted holonomy. Such an object belongs to a class of complex
manifolds known as Calabi-Yau manifolds. Appendix A contains a more detailed
discussion of CY manifolds.
It has also been shown that if one’s starting point is not ten dimensional string
theory, but eleven dimensional supergravity/M-theory, the seven dimensional com-
pactification manifold must have restricted G2 holonomy. In chapter (4), we actually
give the details of the compactification process, 11→ 5 over a CY, so further discus-
sion of this issue is postponed till then.
1.5 Dualities
We have briefly mentioned that all string/SUGRA theories are not different theo-
ries after all. Apparently, there exists a set of duality transformations that connect the
different theories together, in such a way that they may be thought of as descriptions
of different limits of a single theory.
Some of these dualities connect the perturbative sector of one string theory with
the nonperturbative sector of another. Others connect the perturbative sector of a
theory with itself. This last is the easiest to check, while the former remains to a
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certain extent hypothetical with supporting evidence that does not generally amount
to a rigorous proof.
The simplest type of duality is known as T-duality, which is manifest even in
Bosonic string theory in 26 dimensions. Suppose one wraps a single dimension of the
theory around a circle, as in (1.35), i.e. parameterizing the theory using the metric
ds2 = Gµνdx
µdxν +G25,25
(
dx25 + Aµdx
µ
)2
, (1.36)
where (µ = 0, . . . , 24). From the point of view of the lower dimensional theory, we
have generated a scalar field φ ∼ G25,25 known as the dilaton, and a vector field Aµ.
This is the famous Kaluza-Klein mechanism. One consequence is that the string’s
momentum in the compactified direction is quantized: p25 = n/R, where n is an
integer, and its mass is given by
m2 =
n2
R2
. (1.37)
In a theory of closed orientable strings, the string can also wind over the com-
pactified dimension. The number of times this happens is clearly another integer w;
the winding number. The momentum in the compactified direction hence becomes
pL =
n
R
+
wR
α′
, pR =
n
R
− wR
α′
, (1.38)
for left and right windings respectively. The mass spectrum formula (1.8) is modified
as follows
m2 =
n2
R2
+
w2R2
α′2
+
2
α′
(
N + N˜ − 2
)
, (1.39)
where the last term corresponds to the contribution to the mass from oscillations
in the large dimensions only. T-duality is the observation that the spectrum of the
theory is invariant under
R→ α
′
R
, n↔ w, (1.40)
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as can be readily seen by checking (1.39). In other words, Bosonic string theory is
T-dual to itself. In fact, the R → 0 and R → ∞ limits are physically identical.
We reach the remarkable conclusion that trying to get rid of extra dimensions by
wrapping and contracting to zero does not work, since the hidden dimensions will
simply ‘pop’ back into the theory. These features are inherent to string theory and
are completely absent in a point particle theory. This discussion can be extended to
superstrings, where we find that type IIA string theory is T-dual to type IIB, showing
that the two theories are, in a sense, equivalent.
A closed string wound around the compactified dimension cannot then unwind
without breaking and violating momentum conservation in that direction. What
about open strings in the T-dual picture? What prevents an open string from un-
wrapping? We find that in order to achieve this, we must restrict the end points
of the string to the unwrapped dimensions. In other words, the end points must
respect Dirichlet boundary conditions in the compactified direction. Remarkably, as
a consequence of T-duality, one can show that Neumann and Dirichlet conditions in
the wrapped dimension are T-dual to each other. So, even if we start with Neumann
conditions, we still end up with an open string with end points fixed in the unwrapped
directions. The surfaces upon which the end points of open strings are constrained
have come to be known as Dp-branes, where D stands for Dirichlet, and p is the
number of spatial dimensions a brane spans. Historically, this was where branes first
made their debut in string theory.
We have discussed T-duality in some length because it is important in many
respects as we have seen. It is also the simplest. Another example is S-duality [126]
which relates the weak and strong coupling sectors of either two theories or the same
theory (gs ↔ 1/gs) by rotation under SL(2,Z). The type I theory is S-dual to the
heterotic SO(32) theory, whereas the type IIB theory is S-dual to itself [127].
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1.6 M-theory
In order to complete the picture, at this point we ask the question: How does the
postulated M-theory relate to string theory? Also, how is it possible that it lives in
eleven dimensions although we have continuously claimed that superstring theories
are consistent only in ten? The answers to these questions are related. A super-
symmetric quantum theory of strings is mathematically consistent in ten dimensions
only, which means that M-theory, whatever it is, is not a theory of strings. In fact,
as we mentioned earlier, the solitonic solutions in eleven dimensional supergravity
are a (super)membrane and a 5-brane. It is conjectured that the M2-brane is what
gives rise to the fundamental string in ten dimensions upon wrapping over a circle.
M-theory is also assumed to be completely nonperturbative and that its perturbative
expansion is already known; type IIA string theory [150]. One way of seeing this is
as follows:
Type IIA string theory has a particle-like solitonic solution known as the D0-brane.
Its mass is given by the formula
m0 =
1
gs
√
α′
, (1.41)
where gs is the string coupling constant related to the strength of the dilaton as
discussed earlier. Obviously the D0-brane is heavy at weak coupling and becomes
light at strong coupling. For any number n of D0-branes, the formula becomes
M = nm0 =
n
gs
√
α′
→ M2 = n
2
g2sα
′
. (1.42)
As the coupling grows stronger, the states become lighter and the spectrum ap-
proaches a continuum. We immediately note that the above formula is reminiscent
of (1.37), which arises from toroidal compactification. This begs the following in-
terpretation: If we conjecture the existence of an eleventh dimension wrapped over
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a circle of radius R10, then the string coupling constant is related to this radius by
R10 = gs
√
α′. The circle becomes larger as the coupling grows stronger. We reach
the remarkable conclusion that an eleven dimensional theory is the strong coupling
limit of weakly coupled type IIA string theory.
Although M-theory is unknown, its low energy limit, D = 11 SUGRA can be
used to demonstrate this property. Wrapping one spatial dimension over a small
circle immediately yields type IIA SUGRA. It is also conjectured that wrapping the
eleventh dimension over a line segment S1/Z2 gives the E8×E8 heterotic theory [89].
Other dualities exist, such as between M-theory on T 5/Z2 and type IIB string theory
on a K3 manifold.
Consequently, the solutions of the eleven dimensional theory are responsible for
the various objects that appear in ten dimensions. So, as we remarked, the M2-
brane becomes the fundamental string, the D2-brane in ten dimensions is a reduced
(as opposed to wrapped) M2-brane, the 4-brane is a M5-brane with one wrapped
direction and the 5-brane (also known as the NS5-brane) is a reduced M5-brane.
Some proposals as to the explicit form of M-theory have been presented in the
literature, most notable among those is Matrix theory [14, 135] which proposes that
the aforementioned D0-branes are the fundamental degrees of freedom of M-theory,
and a Hamiltonian describing the D0-branes in ten dimensions can be rewritten with
an eleven dimensional interpretation such that
M11 =
1
g
1/3
s
√
α′
(1.43)
is the eleven dimensional Planck mass. The Hamiltonian is dependent on a set of
nine matrices X which had the original interpretation as the components of the nine
dimensional position vector of the D0-branes. We have n D0-branes, so each of these
components become a (n × n) matrix instead of a scalar. Aside from Matrix the-
ory, this same behavior appears whenever brane dynamics is studied. The physical
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meaning of this (scalar → matrix) transformation is ambiguous. It introduces non-
commutative spacetime geometry in string theory; further deepening the mystery. It
may very well be a hint about the nature of spacetime.
A final remark is that there exists another hypothetical theory known as F-theory12
[147]. This is a theory in 12 spacetime dimensions, two of which are time dimensions.
It has been proposed as a strong coupling limit of type IIB string theory in analogy
to M-theory. Whether or not such a theory exists or has any consistent physical
interpretations is yet to be seen.
1.7 Various other issues
We present a quick review of issues of interest in current research (see [42]).
1.7.1 Brane world scenarios
As an alternative to compactification, one may ask what happens if all or some
of the extra dimensions are left unwrapped [6, 8, 9, 118, 119]? The fact that these
large extra dimensions are not observed is explained by assuming that our universe
is basically a 3-brane embedded in a higher dimensional space, and that open string
states (matter particles) are constrained to end on this brane. Closed string states,
however, including the graviton, can propagate between branes/universes. It has been
calculated that the extra large dimensions transverse to our brane may be of sizes up
to 0.1 mm or so, much larger than the compactification scale, which is of the order
of the Planck length. Hence, the ten dimensional string scale is much larger than
the Planck scale and strings may be observed in experiments in the not too-distant
future. The hope of experimental verification of string theory has sparked a lot of
interest in these scenarios. For a review, see [50] and the references within.
12Again no agreement exists on what the F stands for. It could stand for ‘Further’ or even ‘Father’
of all theories.
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1.7.2 Interest in manifolds with G2 holonomy
Analogously to string theory compactifications over a six dimensional Calabi-
Yau manifold, M-theory compactified over a seven dimensional manifold down to
four dimensions preserves some fraction of supersymmetry if the manifold is one
with restricted holonomy belonging to the exceptional group G2 (for a review, see
[54]). This type of manifolds is much less understood than Calabi-Yau’s, and it is
significantly harder to explicitly find examples of compact G2 manifolds. Most of the
known examples are non-compact. Upon compactification, we find that particles can
have arbitrarily small momenta in the non-compact directions, which translates to a
continuum of particles in four dimensions; not a very realistic situation. It is found
that chiral fermions can only arise by compactifying the theory in the neighborhood
of singularities on the manifold, further complicating the problem. Consequently, this
direction of interest is still in its infancy and there is much work yet to be done. The
first nontrivial examples of G2 compactifications were found in [11, 55, 56].
More compactification scenarios exist, but they only get even more mysterious.
For example, the twelve dimensional theory known as F-theory seems to require com-
pactification over an eight dimensional CY manifold. Very little is known about this
process.
1.7.3 Gauge theory - gravity correspondence
In 1997, Maldacena conjectured [103] that there exists an exact equivalence be-
tween type IIB string theory on AdS5×S5 and four dimensional N = 4 supersymmet-
ric Yang-Mills theory. The symmetry group of five dimensional AdS space matches
exactly the group of conformal symmetries of the N = 4 theory, hence this corre-
spondence is also knows as AdS/CFT duality. Other similar correspondences are
conjectured to exist and the search for them is an active direction of research.
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Proving such dualities is hard, but indirect evidence can be found by looking at
the superstring’s low energy limits, i.e. supergravity. The corresponding limit on
the CFT side is one where N and (g2YMN) become large, where N is the rank of the
U(N) gauge group of the N = 4 theory, and gYM is the Yang-Mills coupling constant.
This is related to ’t Hooft’s original observation [137] that large N gauge theories are
equivalent to a theory of strings.
A more general idea is that of holography [134, 139]. This is rooted in Hawking
and Bekenstein’s famous calculation [22, 23, 86] that the entropy of a black hole is
proportional to the area of its event horizon. So it is conjectured that gravity in D
dimensions is equivalent to a local field theory in D−1 dimensions. This is analogous
to a hologram, where all the information in a 3 dimensional picture is stored in 2
dimensions; hence the name. Other examples of the conjecture exist, for a recent
review see [49].
1.8 Experimental string physics; an oxymoron?
Although there is very little possibility of ever directly observing strings in ac-
celerator experiments, there is still some hope in indirect verification. For example
cosmological observations, including more detailed measurements of the cosmic back-
ground radiation and the possible detection of gravitational radiation, may yield
conclusions about the very early universe which can only be explained by string the-
ory. Black hole physics, as we will discuss in some more detail in the next chapter,
certainly require a final union between quantum mechanics and gravity. So better
observations of actual black holes, like the one presumably in the center of the Milky
Way galaxy, or even the detection and study of one closer to us, would provide even
more clues as to whether or not string theory describes this universe.
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Supersymmetry is a generic prediction of string theory, so even though it is possi-
ble, however unlikely13, for SUSY to exist without string theory, the discovery of even
one supersymmetric partner of a known subatomic particle would lend great support
to strings. In addition, the picture would be complete if, at long last, we manage to
exactly derive the standard model, or a reasonable supersymmetric extension thereof,
from string theory.
Of course, if the brane world scenario is correct, then we may not be too far off
from an actual laboratory observation of strings. In fact, the fundamental string scale
may even be well within the TeV region, making it accessible to the next generation
of particle accelerators.
So although a final experimental proof, to the complete satisfaction of the physics
community, is probably still decades away (unless something revolutionary happens),
there is still solace in the hope that strings are not absolutely beyond the human
ability to detect. Even if string theory, or some variation thereof, turned out not to
be a correct theory of nature, the contributions it has added to our mathematical
knowledge are so vast and so beautiful, that it is very hard to believe that they will
not constitute even a small part of the final theory.
13At least in this author’s view.
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CHAPTER 2
BRANESTORMING
Historically, branes arose from the requirements of T-duality as described in §1.5.
In 1995, signalling the beginning of the so called second string revolution, J. Polchinski
showed that Dp-branes couple to R-R (p+1)-form fields in very much the same way a
point particle couples to a gauge field in ordinary field theory [111]. In string language,
branes emit and exchange closed strings in the R-R sector. Many of these branes also
arise as stable solitonic solutions to string/supergravity theories, appearing as clear
generalizations of black hole solutions of ordinary four dimensional GR. This has led
to a huge body of work on classifying the properties of black-brane spacetimes, for
example [152]. These solutions satisfy the Bogomol’nyi-Prasad-Sommerfield (BPS)
condition, which states that the R-R charge density of the brane QRR and the mass
density of the brane M satisfy:
M ≥ QRR. (2.1)
So a BPS brane cannot decay below the saturation threshold of (2.1) without
violating charge conservation. Branes are hence nonperturbative solutions of string
theory; topological defects that are generalizations of the more familiar Yang-Mills
magnetic monopoles known since ’t Hooft and Polyakov’s classic papers [114, 115, 138]
(for a review of BPS solitons in YM theory see [58], and more generally [120]). So
even though we do not know how to solve string theory nonperturbatively, the study
of these known solutions, whether from within string theory or supergravity, provide
more understanding of the spectrum of solutions of the full M-theory. BPS branes
also preserve some portion of supersymmetry, as we will see.
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2.1 The basic properties of branes
One can summarize the dynamics of p-branes in D dimensions by writing down
their worldvolume action:
S =
∫
dp+1ξ
[√− det gµν − ε¯µ1···µp+1
(p+ 1)!
(
∂µ1X
M1
) · · · (∂µp+1XMp+1)AM1···Mp+1
]
M = 0, . . . , D − 1 µ = 0, . . . , p (2.2)
where XM are spacetime coordinates and ξµ are worldvolume coordinates. The first
part of the action is basically a generalization of the Nambu-Goto string action (1.1).
The second part shows the brane’s coupling to a R-R (p+1)-form A. So for example,
the presence of a 3-form field A in the bosonic action of D = 11 SUGRA (1.24)
immediately indicates the presence of the M2-brane as a BPS solution to the theory.
The conserved ‘electric’ charge of the brane can be easily calculated using Gauss’
law. In the absence of sources (d ⋆ Fp+2 = 0), this can be written as follows
Qp =
∫
SD−p−2
⋆Fp+2. (2.3)
In addition, the superalgebra of the theory in question contains central charge
terms that are related to the brane charges. These are the Zµ1···µp forms in (1.17). So
the structure of the superalgebra indicates how many fundamental SUSY-preserving
branes exist. In the eleven dimensional case, these are the M2 and M5-branes. The
brane charges Qp may in fact be identified as the magnitudes of the forms Zµ1···µp .
Branes can also form bound states by the exchange of other branes. They can in-
tersect, overlap, wrap around manifolds and end on each other. This last is interesting
in that it is restricted by Gauss’ law and charge conservation [30, 130]. Consider, as a
simple example, an open 1-brane carrying a non-zero charge Q1 in ten dimensions via
(2.3). Now surround the string by a closed Gaussian ‘sphere’, in this case S7, in order
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to calculate its charge. Since the location of this sphere is arbitrary, one can imagine
‘sliding’ it off the end of the string and contracting it to a point, giving a charge of
zero, which is a contradiction. This leads to two conclusions; a charged closed string
cannot break without violating charge conservation, and charged open strings must
end on a brane of a particular dimension that would obstruct the sphere’s path and
does not allow it to contract to a point. Furthermore, the end points of the string
would describe charged 0-branes on the brane’s worldvolume with gauge fields re-
stricted to live on the brane. So, the question of what branes can end on what branes
boils down to finding the brane’s worldvolume field content.
Another method, dubbed “Brane Surgery”, was proposed in [143]. Consider, as
an example, our particular case of interest; D = 11 SUGRA. The Bianchi identity
dF = 0 tells us right away that the M5-brane is closed and hence cannot end on
another brane. The M2-brane’s charge, on the other hand, receives a contribution
from the Chern-Simons term in the action via the field equation d ⋆ F = −F ∧ F , or
d (⋆F + F ∧A) = 0. Its charge is hence
Q2 =
∫
S7
(⋆F + F ∧A). (2.4)
If we move our Gaussian sphere to the end of the brane, the first term vanishes
and the second term can be broken into two integrals over S7 = S4 × S3:
Q2 =
∫
S4
F ∧
∫
S3
A. (2.5)
The first integral is the charge Q5 of a 5-brane, so the M2-brane can end on a
M5-brane. If we choose Q5 = 1 and assume F = dA = 0 within the brane, which
is reasonable in the absence of sources, then A is a closed form which we may write
locally as A = dC, for a 2-form C. The charge becomes
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Q2 =
∫
S3
dC2, (2.6)
which is the magnetic charge of a string living on the M5-brane’s worldvolume. In
short, one can basically answer the question of what branes can end on what branes
by reading it off the Chern-Simons term in the action.
2.2 Branes and black holes
Ever since the classic work by Hawking and Bekenstein [22, 23, 85, 86, 87, 88], the
microscopic interpretation of black hole thermodynamics has been a nagging problem.
Initiated by [31, 132], it has been shown that D-branes provide an interesting answer,
at least in certain special cases [41].
The thermodynamics of black holes begins with Bekenstein’s solution to the en-
tropy problem; that the absorption of matter carrying a certain amount of entropy
inside a black hole violates the second law of thermodynamics, unless the black hole
carries entropy SBH that is directly proportional to the surface area AH of the event
horizon. The formula turns out to be:
SBH =
AH
4~GN
; (2.7)
GN being Newton’s gravitational constant. Gedanken experiments involving the en-
tropy of regions of space containing a black hole must involve this formula, as in,
for example, [110]. Hawking derived, from within classical GR, the second law of
BH thermodynamics stating that the area of a black hole (hence its entropy) cannot
decrease. This led to the writing of SBH in a Boltzmann-like formula
SBH ∝ ln (Ω) ; (2.8)
36
where Ω is the number of microstates of the system as usual. The question of the
nature of these microstates begs a microscopic interpretation of the ‘inside’ of a black
hole, i.e. what states are we counting exactly? The mystery deepens if one calculates
the actual number of states using (2.7) and (2.8). For example, for a black hole with
one solar mass, Ω = 1010
78
! The sheer magnitude of this number cannot possibly be
ignored.
Furthermore, since a BH has entropy, then its temperature must follow the stan-
dard thermodynamic formula
TdS = dE = dM. (2.9)
This implies that black holes must radiate as black bodies. Classically, this is
impossible, but in his famous calculation [85], Hawking showed that the quantum
behavior of fields near the event horizon allows for such radiation and the gradual loss
of mass by the BH. Roughly speaking, vacuum fluctuations near the horizon allow for
pair creation of particles, which in ordinary space would annihilate each other very
quickly, following Heisenberg’s uncertainty principle. In the extreme environment
near a BH, however, one member of the pair can fall inside the event horizon, while
the other propagates away from it, carrying with it some of the energy of the BH,
hence the radiation and loss of mass.
Hawking’s calculation is completely insensitive to the precise makeup of the matter
dropping into the black hole, however the slow evaporation process follows the same
pattern for all black holes. This implies a certain loss of information, since quantum
mechanics tells us that the final state of any time evolution is related to the initial
state via a unitary evolution operator. In simple terms, whether one makes a black
hole by dropping books, vases or umbrellas, the modes of radiation that the BH emits
will be the same in all cases. This is known as the “information problem”.
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All of these issues and questions have evolved from ordinary classical general
relativity and quantum field theory. But the answers seem to lie only within a theory
of quantum gravity, since an understanding of the structure of a black hole involves
very high gravitational fields on a microscopic scale. String theory provides such an
answer, at least in the case of charged black holes.
One would expect black holes to appear as solutions of string theory as some sort
of excited quantum states. In 1993, Susskind [133] proposed the following idea: Study
a particular quantum string/brane state at weak coupling, then imagine increasing
the coupling gradually (recall that the string coupling is proportional to the dilaton
field and hence variable). The gravitational coupling also increases until such a time
where the object under study becomes a black hole with a large enough radius. For
this BH we constructed, one can count the microstates, calculate the entropy, then
compare with Bekenstein’s formula (2.7).
This sort of calculation can only be performed for BPS states, since (2.1) insures
that the density of states would stay the same as the coupling changes. Calculations
such as these have been performed for both extremal, i.e. (2.1) is exactly saturated,
and near-extremal black holes. The first and simplest example of this procedure hap-
pened to be a five dimensional black hole in type IIB string theory [132]. The entropy
calculated from the counting of string states accounted exactly for the Bekenstein en-
tropy. Another case of interest is the situation where a group of D1-branes join up
to form a longer 1-brane [40]. D1-branes bound to D5-branes can also be made into
black holes with entropies matching the classical result exactly [102].
Despite the fact that the calculation requires charged black holes and is yet to be
solved for the case of neutral ones, this indeed constitutes a huge triumph for string
theory and an excellent confirmation of its consistency with other, more established,
theories of nature.
38
2.3 BPS black holes
As remarked earlier, brane solutions of supergravity appear as generalizations
of black holes. To see this, we briefly review solutions of Einstein-Maxwell theory
representing static, electromagnetically charged black holes, i.e. solutions of
S =
∫
d4x
√−g
(
R− 1
4
FµνF
µν
)
. (2.10)
In spherical coordinates, the simplest black hole carrying mass M and an electric
charge Q is the Reissner-Nordstrøm (NR) solution
ds2 = −fdt2 + f−1dr2 + r2dΩ2, At = Q
r
(2.11)
where f =
(
1− 2M
r
+ Q
2
r2
)
, and dΩ2 = dθ2+sin2 θdϕ2 is the metric of the unit sphere.
The case Q = 0 reduces to the ordinary Schwarzchild solution.
This BH solution has two event horizons, whose radii are satisfied by the formula
r± =M ±
√
M2 −Q2. (2.12)
The two horizons obviously become one at M2 = Q2. This is the extremal state
of the black hole, since for any value M2 < Q2 the horizon vanishes and the BH
becomes a naked singularity. A naked singularity seems to be an unlikely situation,
since realistic black holes are probably too massive for this to happen, which is good
as a naked singularity is not something that nature seems to allow (the so called
‘cosmic censorship’, or the hypothesis that nature abhors a singularity). Interesting
physics arises when one tries to seek scenarios with vanishing event horizons. For
example, it turns out to be impossible to overcharge a BH by throwing in particles
that carry more charge than energy, since the electrostatic repulsion is always strong
enough to repel the particles away.
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The condition M ≥ |Q| that we arrive at with this argument is exactly the BPS
condition (2.1). BPS solutions enjoy interesting properties and are of importance to
string theory for the reasons mentioned earlier in this chapter.
An important observation is that metrics of extremal black holes can always be
written in terms of a harmonic warp function H . The RN solution may be written in
this form, and, in fact, may be generalized to multi-black holes as follows:
ds2 = −H−2dt2 +H2d~x · d~x
H = 1 +
k∑
I=1
MI
rI
rI = |~x− ~xI | ; ∇2H = 0
At = H
−1. (2.13)
This is known as the Majumdar-Papapetrou (MP) result [101, 109], where we
have redefined the coordinates by r → r +M from (2.11). The solution represents
a number k extremal black holes located at ~xI that are static with respect to each
other, i.e. gravitational attraction exactly cancels out electrostatic repulsion for any
configuration (the ‘no force’ condition). The BPS inequality (2.1) is saturated by
M = |Q|. It turns out that the harmonic condition on H is a common feature of BPS
solutions. As we will see, BPS multi-brane solutions have the same structure.
An interesting point is that the ‘no force’ situation arises in Newtonian physics
also, as a consequence of the inverse r2 behavior of both Newtonian gravity and
the Coulomb field. One finds that the force cancellations arise irrespective of the
distribution of the charged masses. Remarkably, this continues in general relativity.
Finally, we note that BPS solutions in supersymmetric theories preserve one half of
SUSY [72]. The transition from four dimensional BPS black holes to multidimensional
BPS black branes should now be obvious.
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2.4 Constructing brane solutions
We now specialize to reviewing particular M-brane solutions in some detail, leading
up to our own work in the following chapter1. Writing down brane solutions to (1.24)
involves solving the Einstein equation and the equation of motion of the field strength.
However, it was shown that a solution satisfying the vanishing of gravitino varia-
tions, i.e. in D = 11:
δǫψM = 2∇Mǫ+ i
144
FLNPQ
(
Γ LNPQM − 8δLMΓNPQ
)
ǫ = 0, (2.14)
also automatically satisfies Einstein’s equation. This is true in all supergravity theo-
ries [98]. The other SUSY variations, for example (1.26) and (1.28), represent vari-
ations of the bosonic fields and these are proportional to the fermions. In purely
bosonic vacua, of interest to us, they are automatically satisfied.
Since solving a first order differential equation is easier than solving Einstein’s
second order equation, we will be using (2.14) instead of GMN = 8πTMN in most of
our calculations. In addition, one also gets the projection conditions that the Killing
spinor ǫ satisfies.
The basic BPS solutions to D = 11 supergravity are the electric M2-brane and its
magnetically dual M5-brane [51, 52, 74, 83]; respectively:
ds211 = H
− 2
3ηabdx
adxb +H
1
3 δµνdx
µdxν , ψ = 0
A012 = ±H−1, a, b = 0, 1, 2 µ, ν = 3, . . . , 10 (2.15)
and
ds211 = H
− 1
3ηabdx
adxb +H
2
3 δµνdx
µdxν , ψ = 0
A012345 = ±H−1, a, b = 0, . . . , 5 µ, ν = 6, . . . , 10 (2.16)
1A particularly useful review is [128].
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The equation of motion of the field strength and the Bianchi identity show that
H is a harmonic function in the coordinates transverse to the brane’s world volume,
i.e.
∇2H = δµν (∂µ∂νH) = 0, (2.17)
implying the following structure for H :
H = 1 +
M
rm
r = |~x− ~x0| ; (2.18)
~x0 being the position vector of the brane in the transverse space and M its mass
density. The power m is equal to (D− p− 3), where p is the dimension of the brane.
More generally, for a set of k parallel branes this becomes:
H = 1 +
k∑
I=1
MI
rmI
rI = |~x− ~xI | . (2.19)
The gravitino equation also tells us that the supercovariant Killing spinor can be
written in terms of a constant spinor ǫ0:
for the M2− brane : ǫ = H−1/6ǫ0
for the M5− brane : ǫ = H−1/12ǫ0, (2.20)
satisfying the projection conditions:
Γˆ012ǫ = ±ǫ for the M2− brane
Γˆ012345ǫ = ±ǫ for the M5− brane, (2.21)
preserving one half of the original supersymmetry. The Γˆ’s are antisymmetrized
products of Dirac matrices in an orthonormal frame.
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2.4.1 Delocalized intersections
Now, one may construct new solutions by a variety of means. Two intersecting
M2-branes, for example, have the following form [70, 145]:
ds2 = − (H1H2)−2/3 dt2 +H−2/31 H1/32
(
dx21 + dx
2
2
)
+H
1/3
1 H
−2/3
2
(
dx23 + dx
2
4
)
+ (H1H2)
1/3 δµνdx
µdxν µ, ν = 5, . . . , 10
Ft12µ = ±H−21 (∂µH1) , Ft34µ = ±H−22 (∂µH2) , (2.22)
where the functionsHi are harmonic in the overall transverse directions x
µ. Obviously,
the directions (x1, x2) define the first membrane while (x3, x4) define the second.
The intersection is on a point, delocalized in space; one says that the intersection
is ‘smeared’ over the directions of the membranes. The brane spanning (x1, x2) is
smeared over (x3, x4) and vice-versa. The harmonic nature of the warp factors Hi is
a manifestation of this smearing. We will see later that similar factors in localized
solutions are no longer necessarily harmonic. The Killing spinor satisfies:
ǫ = (H1H2)
−1/6 ǫ0
Γˆ012ǫ = ±ǫ, Γˆ034ǫ = ±ǫ. (2.23)
where the projections commute with each other. The pattern should be obvious, and
the most general solution for a number N = 1, 2, 3, 4 intersecting membranes can be
written as:
ds2 = −
N∏
i=1
H
−2/3
i dt
2 +
N∑
i=1
[
H
−2/3
i
∏
j 6=i
H
1/3
j
] (
dx22i−1 + dx
2
2i
)
+
N∏
i=1
H
1/3
i δµνdx
µdxν µ, ν = 2N + 1, . . . , 10
Ft12µ = ±H−21 (∂µH1) , · · · Ft,2N−1,2N,µ = ±H−2N (∂µHN) . (2.24)
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The solutions preserve 2−N of the original supersymmetry, with Killing spinors of
the form ǫ =
∏N
i=1H
−1/6
i ǫ0. Four intersecting membranes of this type fill out all space
and hence there can be no N > 4 solutions.
Following this procedure, one can construct more delocalized M-brane intersec-
tions. The rule is that for self intersecting p-branes to be supersymmetric, they must
intersect over (p − 2)-branes, such that no spatial direction is shared by any pair of
branes [108, 146]. For example, M5-branes intersect over 3-branes [70]. Dimensional
reduction of these solutions results in electrically and magnetically charged black hole
solutions in four dimensions and so on.
2.4.2 Localized intersections and Fayyazuddin-Smith spacetimes
The solutions of the previous section are delocalized in space, i.e. the intersection
points/strings/branes are smeared out over the directions of the intersecting branes
and cannot be pinpointed. One may ask how to construct localized brane inter-
sections, where instead of intersecting on sharply defined surfaces, the branes are
smeared into each other over a smooth manifold localized in space. The branes are
obviously no longer ‘flat’ everywhere, but rather follow a smooth geometry where the
distinction between them, close to the point of localization, becomes blurred. This
fuzziness also causes the failure of the warp factors to satisfy the transverse Laplace
equation. In [59], Fayyazuddin and Smith (henceforth referred to as FS) found the
following solution representing completely localized M5-brane intersections:
ds2 = H−
1
3 ηabdx
adxb + 2H−
1
3 gmn¯dz
mdzn¯ +H
2
3 δµνdx
µdxν
H = 4g = 4 (g11¯g22¯ − g12¯g21¯) , a, b = 0, 1, 2, 3, µ, ν = 1, 2, 3
Fmn¯µν = ± i
2
ε¯µνρ (∂
ρgmn¯) , Fm89,10 = ∓ i
2
(∂mH) , Fm¯89,10 = ∓ i
2
(∂m¯H)
where z1 = x4 + ix5, z2 = x6 + ix7. (2.25)
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BothH and the Hermitian metric gmn¯ depend on the overall transverse coordinates
xµ and (zm, zm¯). In fact, SUSY constrains gmn¯ to be Ka¨hler (see appendix A). The
field equations are:
d ⋆ F = 0, dF = Jmn¯dz
m ∧ dzn¯ ∧ dx8 ∧ dx9 ∧ dx10
Jmn¯ = ± i
2
[4 (∂m∂n¯g) + (∂µ∂
µgmn¯)] ; g = |gmn¯|
∂µ ln g/H = 0, ∂m∂n¯ ln g/H = 0. (2.26)
This localized solution reduces to a delocalized one by gmn¯ → δmn¯. For a source-
free solution, Jmn¯ = 0 becomes a nonlinear equation for the Ka¨hler metric.
The FS solutions were extended to describe intersecting M2-branes [75]:
ds2 = −H− 23dt2 + 2H− 23gmn¯dzmdzn¯ +H 13 δµνdxµdxν
H = 4g = 4 (g11¯g22¯ − g12¯g21¯) , A0mn¯ = ± i
2
H−1gmn¯
z1 = x1 + ix2, z2 = x3 + ix4, µ, ν = 5, . . . , 10. (2.27)
The Killing spinor satisfies the projection condition
Γ0mn¯ǫ = ± i
2
H−1gmn¯ǫ. (2.28)
The significance of (2.28) and similar conditions may be understood by noting the
following. Generally, a given p-brane with worldvolume spanning xµ1 · · ·xµp preserves
an amount of SUSY given by the number of spinors which satisfy the equation [79]
ǫ =
1
p!
εa1···apΓµ1···µp (∂a1x
µ1) · · · (∂apxµp) ǫ, (2.29)
where the ai are brane worldvolume coordinates. This reduces to the projection
conditions satisfied by the spinor, such as (2.28).
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CHAPTER 3
CALIBRATIONS AND FS SPACETIMES
The mathematical theory of calibrations developed by Harvey and Lawson [84]
has found extensive application in brane physics. It has been used to classify all sorts
of brane configurations, for example brane intersections were treated in [1, 2, 30,
65, 71, 106], brane Calabi-Yau wrappings [15, 16, 90], worldvolume solitons in AdS
compactifications [78] and more. The calibrated branes in these works have been
treated as test objects only. We note, however, that BPS branes satisfy ‘no force’
conditions that allow static multi-brane spacetimes (similar to the MP configurations
of §2.3). In particular, we should be able to add static test branes of the type found in
the above references to the solution. This implies that BPS brane spacetimes should
have (generalized) calibrations, as we will see. In our paper [35], we took this as an
organizing principle to finding new BPS solutions.
Based on this argument, we propose, and demonstrate, that it is possible to use
calibration techniques to construct charged, gravitating brane solutions of supergrav-
ity. We show that the class of solutions discovered by Fayyazuddin and Smith admits
calibrations and we propose generalizing the solutions to include more types of cali-
brations.
This chapter is structured as follows: In section 3.1 we review the calibration
technique and the generalized calibrations we will be using to construct solutions. In
§3.2 we present our solutions corresponding to M2 and M5-brane intersections over
Ka¨hler calibrated manifolds. In §3.3 we discuss a solution representing M5-branes
intersecting over a SLAG calibrated submanifold.
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3.1 Calibrated manifolds
The theory of calibrations is a technique used by mathematicians to find solutions
belonging to a certain class of minimal surfaces. Its usefulness to physics lies in the
fact that this very class admits constant spinors, which means that calibrated branes
preserve some portion of supersymmetry. This is manifest in the fact that for a
calibrated brane, (2.29) is satisfied at each point on the surface [73].
We will review the technique in the language of physics rather than follow Harvey
and Lawson’s original reasoning. Consider the action of a neutral static p-brane in
flat space, i.e. the first term of (2.2):
S =
∫
dp+1ξ
√− det gµν
µ = 0, . . . , p (3.1)
with the definitions given earlier in §2.1. Mathematically, this is just the volume of
a static p-dimensional manifold, so minimizing the action to find a brane solution is
simply minimizing the volume of the manifold, i.e. finding a minimal surface.
A p-form φ is called a calibration if:
1. It is closed:
dφ = 0. (3.2)
2. Its pullback onto any p-dimensional submanifold Σ satisfies the following rela-
tion with the induced volume on the submanifold:
∗φ ≤ εΣ. (3.3)
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If the inequality (3.3) is saturated everywhere on Σ then the submanifold mini-
mizes its volume. Pick a closed (p − 1)-dimensional S in Σ, and within S deform Σ
into a new submanifold Σ′. Then the following shows that V ol (Σ) ≤ V ol (Σ′):
V ol (Σ) =
∫
Σ
εΣ =
∫
Σ
∗φ =
∫
Σ′
∗φ+
∫
B
dφ =
∫
Σ′
∗φ ≤
∫
Σ′
εΣ′ = V ol (Σ
′) , (3.4)
where B is the p-dimensional region bounded by Σ and Σ′.
Now, this works well for branes with zero flux, but our interest lies in BPS branes
coupled to (p + 1)-form fields whose motion minimizes the full action (2.2). It turns
out that there is a way of relaxing condition (3.2) and still finding a calibration.
Basically, instead of minimizing the volume of the brane, we look for a solution that
minimizes the energy density of the brane, including the contribution from the gauge
field. For a brane coupled to a spacetime gauge field A, one may identify A ∼ φ,
hence F = dA = dφ 6= 0. This is the so called ‘generalized calibration’ technique.
The new condition can be shown to yield a minimal surface that satisfies (2.2) as
follows [77]: The energy of a static compact p-fold Σ coupled to a gauge potential A
is
E (Σ) =
∫
Σ
(εΣ + A). (3.5)
Now assume that Σ is a calibrated manifold and as such saturates
∫
Σ
∗φ = V ol (Σ) , (3.6)
as before. Once again, pick a closed (p−1)-dimensional S in Σ, and within S deform
Σ into a new submanifold Σ′, hence
∫
Σ′
∗φ =
∫
Σ
∗φ+
∫
B
dφ =
∫
Σ
∗φ+
∫
B
dA =
∫
Σ
φ+
∫
∂B
A =
∫
Σ
φ+
∫
Σ
A−
∫
Σ′
A, (3.7)
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demonstrating that ∫
Σ′
(∗φ+ A) =
∫
Σ
(∗φ+ A). (3.8)
Then ∫
Σ
(∗φ+ A) = E (Σ) , (3.9)
reducing (3.8) to E (Σ) = E (Σ′), hence a calibrated manifold minimizes its energy.
Calibrations are classified into three categories:
1. Ka¨hler calibrations: Defining complex coordinates z in a 2n-dimensional space
similarly to (2.25), the Ka¨hler form is given by ω = i
2
∑
i
dzi ∧ dz¯i. The calibra-
tion p-form is hence φ = 1
p!
ωp. The Ka¨hler form ω, and therefor φ, are invariant
under U(n) rotations.
2. Special Lagrangian (SLAG) calibrations: Defining the p-form ψ = dz1∧· · ·∧dzp,
the calibration form will be either φ = Re (ψ) or φ = Im (ψ). In this case φ is
invariant under SU(n).
3. The exceptional cases: So called because their group invariances follow excep-
tional Lie algebras. There are three of those:
(a) The G2 calibrations: a 3-form in seven dimensional space known as the
‘associative’ form, invariant under the exceptional group G2.
(b) The Spin(7) calibration: The 4-form dual to the associative form, known
as the ‘coassociative’ form.
(c) The Cayley calibration: a self-dual 4-form in eight dimensional space.
One notes that the manifolds with restricted holonomies catalogued in Berger’s
list (A.1.1) admit calibrated forms. An excellent discussion of this and related issues
can be found in [95]. The conditions that a particular form φ on a given manifold
M is a calibration can be shown to be equivalent to the conditions thatM admits a
constant spinor field at every point x ∈ M (see [79] and the references within).
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3.2 Ka¨hler calibrated M-branes
We now present our partially published results [35]. We find solutions of N = 1
D = 11 supergravity representing localized intersecting M-brane configurations using
the calibration technique and show that they are of the FS type. There are two
ways of interpreting these solutions; either as intersecting branes or as a single brane
wrapping calibrated submanifolds.
The most general FS-type metric ansatz in eleven dimensions is:
ds2 = GMNdx
MdxN = H−2Aηabdx
adxb+2H−2Bgmn¯dz
mdzn¯+H2Cδαβdx
αdxβ. (3.10)
The range over which the indices run defines what kind of intersection we have, in
addition to defining the gauge potential using different Ka¨hler calibrated forms as was
discussed in the last section. In terms of the Ka¨hler (1, 1)-form ω, the calibration p-
form φ can be constructed in exactly two possible ways that will have an interpretation
as intersecting M-branes. We go through these in turn.
3.2.1 φ ∼ ω2
The first possibility would be to construct φ = 1
2
ω ∧ ω, with ω = igmn¯dzm ∧ dzn¯.
Since this requires the spatial dimension of the brane to be at least four, then in
the context of M-theory we will be looking at M5-brane intersections. The gauge
potential is proportional to φ and hence may be written as follows1:
Aabmn¯rs¯ = ±H−1ε¯ab (gmn¯grs¯ − gms¯grn¯)
= ± 1
(N − 2)!H
−1ε¯abε¯n¯s¯ε¯
u¯v¯gmu¯grv¯. (3.11)
1Note that here we are using the dual six-form potential A that couples to the M5-brane.
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In the metric (3.10), we now have (a, b) describing the worldsheet of a 1-brane,
(m, n¯ = 1, . . . N), where (N = 2, 3, 4) and (α, β = 2N + 2, . . . 10). The vanishing of
the gravitino variation (1.27) in dual form is
∇Aǫ+
(
1
8640
)
FAB1···B6Γ
B1···B6ǫ−
(
1
30240
)
FB1···B7Γ
B1···B7
A ǫ = 0, (3.12)
where the spinor projections on the compact space are defined by
Γm¯ǫ− = Γ
mǫ+ = 0
Γmn¯ǫ± = bG
mn¯ǫ±, b = ±1. (3.13)
The nonvanishing components2 of the field strength are
Fpabmn¯rs¯ = ∓H−1ε¯abε¯pmrε¯qlk(∂q lnH)gln¯gks¯
Fp¯abmn¯rs¯ = ∓H−1ε¯abε¯n¯s¯p¯ε¯l¯k¯j¯(∂l¯ lnH)gmk¯grj¯
Fαabmn¯rs¯ = ∓H−1ε¯abε¯n¯s¯ε¯u¯v¯ [(∂α lnH) gmu¯grv¯ − ∂α (gmu¯grv¯)] . (3.14)
The supercovariant derivative (1.29) is now
∇aǫ± = −A
2
(∂m¯ lnH) Γ
m¯
a ǫ+ −
A
2
(∂m lnH) Γ
m
a ǫ− −
A
2
(∂α lnH) Γ
α
a ǫ±
∇mǫ± = (∂mǫ±)− b
2
(
∂m ln E¯
)
ǫ± +
bB
2
(∂m lnH) ǫ± − B
2
(∂n¯ lnH) Γ
n¯
m ǫ+
−1
4
H−2B (∂αgpn¯) Γ
αn¯ǫ+ − B
2
(∂α lnH) Γ
α
m ǫ+ and c.c.
∇αǫ± = (∂αǫ±)− b
2
(
∂α ln E¯
)
ǫ± +
b
4
(∂m ln g) ǫ± +
C
2
(∂n¯ lnH) Γ
n¯
α ǫ+
+
C
2
(∂n lnH) Γ
n
α ǫ− +
C
2
(∂β lnH) Γ
β
α ǫ±, (3.15)
2For N = 2, only the third component exists.
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where, for N = 3:
E =
1
3!
ε¯mnpε¯rˆsˆqˆE
rˆ
mE
sˆ
nE
qˆ
p
E¯ =
1
3!
ε¯m¯n¯p¯ε¯ˆ¯rˆ¯s ˆ¯qE
ˆ¯r
m¯E
ˆ¯s
n¯E
ˆ¯q
p¯. (3.16)
The objects E ˆ¯sn¯ are the beins for the Ka¨hler metric which means that the deter-
minant of the metric is g = EE¯.
For (3.12) to be satisfied, we find, for N = 2:
ds2 = H−1/3ηabdx
adxb + 2H−1/3gmn¯dz
mdzn¯ +H2/3δαβdx
αdxβ,
a, b = 0, 1 m, n¯ = 1, 2 α, β = 1, 2, 3, 4, 5.
(∂mH) = (∂m¯H) = 0
(∂αg) = (∂αgmn¯) = 0
ǫ = H−1/12ǫ0. (3.17)
where ǫ0 is a constant spinor, and the condition on gmn¯ implies that it is either flat
Minkowski or a K3 metric. This solution can be thought of as a single M5-brane
wrapping holomorphic 2-cycles (Ka¨hler) of a Calabi-Yau manifold.
For N = 3:
ds2 = H−1/3ηabdx
adxb + 2H−1/3gmn¯dz
mdzn¯ +H2/3δαβdx
αdxβ ,
a, b = 0, 1 m, n¯ = 1, 2, 3 α, β = 1, 2, 3
(∂α ln g) = (∂α lnH)
ǫ± = E
−( 112±
1
4)E¯−(
1
12
∓ 1
4)ǫ0, (3.18)
where we have used Γaˆbˆǫ± = ±ε¯aˆbˆǫ±. This is either 3 intersecting M5-branes or a
single M5-brane wrapping a Ka¨hler 3-fold. Finally, for N = 4:
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ds2 = H−1ηabdx
adxb + 2gmn¯dz
mdzn¯ +H2dy2,
a, b = 0, 1 m, n¯ = 1, 2, 3, 4.
(∂α ln g) = (∂α lnH)
ǫ± = E
− 1
4
(±1+1)E¯
1
4
(±1−1)ǫ0. (3.19)
Using Ka¨hler calibrations as demonstrated here to find SUGRA solutions was later
extended by the work of [90, 91, 92, 93]. Particularly, it was shown that our solution
presented here is a subset of a more general solution where it is possible to relax the
Ka¨hler condition on the metric.
Finally we study the F field equations (∇AFA··· = 0). For the trivial case N = 2,
one simply gets the harmonic condition on the warp factor H , i.e. δµν(∂µ∂νH) = 0.
For the other cases, the conditions are a lot more complex. For N = 3, 4 respectively:
2 (∂m∂n¯H) + 2gmn¯δ
αβ (∂α∂β ln g)− gms¯δαβ∂α [gpn¯ (∂αgps¯)] = 0,
4 (∂m∂n¯H)−H−1δαβ (∂α ln g) (∂βgmn¯)− gms¯H−1δαβ∂α [gpn¯ (∂βgps¯)] = 0.
(3.20)
The solutions to these complicated differential equations should specify the explicit
metrics gmn¯ on the compact space.
3.2.2 φ ∼ ω
The second, and last, possible nontrivial construct of A involves a single occurrence
of the Ka¨hler form ω associated with the Ka¨hler metric in the calibrated (1, 1)-form
φ. So, the components of the gauge potential are:
A0mn¯ = ±iH−1gmn¯. (3.21)
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The coordinates a, b run over the time component only, and the complex coor-
dinates m,n = 1, . . . , N where possible values for N are 2, 3, 4 and 5. This leaves
α, β = 1, . . . , 10− 2N for the transverse coordinates. The solution can be interpreted
as either N M2-branes intersecting smoothly, or a M2-brane completely wrapping
(1, 1) cycles of a Calabi-Yau N -fold. In both cases 2−N of the supersymmetry is
preserved and we find the following metric and spinors:
ds2 = H−
2
3
(N−1)dt2 + 2H−
1
3
(4−N)gmn¯dz
mdzn¯ +H
1
3
(N−1)δαβdx
αdxβ
ǫ± = E
−(N−16 ±
1
4)E¯−(
N−1
6
∓ 1
4)ǫ0. (3.22)
3.3 A case of SLAG calibrated M-branes
Another solution we found corresponds to a special Lagrangian calibrated subman-
ifold with metric (3.10) for the case N = 3. The gauge potential can be constructed
in terms of the real part of the holomorphic 3-form Ω as follows (a, b = 0, 1, 2):
Aabcmnp = ±H−1ε¯abcΩmnp, Ωmnp = Eε¯mnp
Aabcm¯n¯p¯ = ±H−1ε¯abcΩm¯n¯p¯, Ωm¯n¯p¯ = E¯ε¯m¯n¯p¯. (3.23)
The nonvanishing field strength components are hence
Fr¯abcmnp = ∓H−1 (∂r¯ lnH/E) ε¯abcΩmnp and c.c.
Fαabcmnp = ∓H−1 (∂α lnH/E) ε¯abcΩmnp and c.c. (3.24)
The projection conditions for this case are:
Γmˆnˆpˆǫ+ = a−ε¯mˆnˆpˆǫ−
Γ ˆ¯mˆ¯n ˆ¯pǫ− = a+ε¯ ˆ¯mˆ¯n ˆ¯pǫ+
Γaˆbˆcˆǫ± = d±ε¯aˆbˆcˆǫ±, (3.25)
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where we recall that the hatted indices are in the flat tangent space. One finds that
in order for the SUSY and Einstein equations to be satisfied, then one must have
d+d− = −1 and a+a− = −8. This last is a consequence of the following SUSY
argument. Consider the spinorial projections on the compact space. The Dirac
matrices create and annihilate those spinors such that
Γ1ˆ2ˆ3ˆǫ+ = a−ǫ−, Γˆ¯1ˆ¯2ˆ¯3ǫ− = a+ǫ+, (3.26)
which implies Γˆ¯1ˆ¯2ˆ¯3Γ1ˆ2ˆ3ˆǫ+ ∼ ǫ+. This can only be satisfied if and only if a± = ±
√
8.
Based on these projections, the following identities can be derived and were particu-
larly useful in the calculation
η± = (ǫ+ ± ǫ−) , Λ± = (d+ǫ+ ± d−ǫ−)
ε¯abcΓ
abcη± = −6H3AΛ±
ε¯abcΓ
bcη± = −2H3AΓaΛ±
ΩmnpΓ
mnpη± = ±6a+H3Bǫ+
Ωm¯n¯p¯Γ
m¯n¯p¯η± = +6a−H
3Bǫ−
ΩmnpΓ
npη± = ±a+H3BΓmǫ+
Ωm¯n¯p¯Γ
n¯p¯η± = +a−H
3BΓm¯ǫ−
ΩmnpΓ
pη± = ± 2
a−
H3BΓmnǫ+
Ωm¯n¯p¯Γ
p¯η± = +
2
a+
H3BΓm¯n¯ǫ−. (3.27)
The SUSY gravitino equation now acts on the spinor η, which is a linear combi-
nation of the two chiral spinors ǫ. We find the metric to be
ds2 = H−
4
3 ηabdx
adxb + 2H
2
3 gmn¯dz
mdzn¯ +H
8
3 δαβdx
αdxβ
a, b = 0, 1, 2 m, n¯ = 1, 2, 3 α, β = 1, 2, (3.28)
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which may be interpreted as either M5-branes intersecting over a SLAG calibrated
manifold, or as a single M5-brane wrapped over SLAG cycles of a Calabi-Yau sub-
manifold as we will discuss in more detail later.
We also find the conditions (∂m¯ lnE) = (∂m ln E¯) = 0 implying that the metric
gmn¯ is Ricci-flat, which is not surprising, since only Ricci-flat, i.e. Calabi-Yau, metrics
allow SLAG calibrations.
Supersymmetry further imposes the following constraints on the solution
E = E¯, gmn¯ = fmn¯ (z, z¯) , (∂α ln g) = (∂α lnH) , (3.29)
and the SUSY spinors have the form ǫ± = H
− 1
3 ǫ0.
Now, in constructing the ansatz (3.23), we have only used the (3, 0) forms on the
compact space. Later we will discuss the possibility of a more general solution that
involves the CY (2, 1) forms as well. The (2, 1) forms are parametrized by the moduli
of the complex structure of the CY 3-fold. The solution we find here represents the
case of constant moduli.
In conclusion, we have proposed the hypothesis that the calibration technique
may be used to find BPS brane solutions to supergravity. We demonstrated this
by finding examples of localized M-brane intersections in D = 11. The solutions we
found correspond to a number of M2 and M5 branes intersecting on Ka¨hler calibrated
submanifolds and the intersection of M5-branes over a special Lagrangian calibrated
surface.
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CHAPTER 4
DOWN TO FIVE DIMENSIONS
A review of the properties of Calabi-Yau 3-folds (see appendix A) reveals that
they have both Ka¨hler and special Lagrangian cycles. This hints at the possibility
that the N = 3 M-brane solutions we have found have the alternate interpretation as
single M-branes wrapping either of these cycles down to D = 5. In fact, it has been
shown [96] that the Ka¨hler calibrated solution (3.18) corresponds to five dimensional
black 1-branes coupled to the D = 5 N = 2 vector multiplet fields. We propose that
SLAG calibrated solutions in D = 11 correspond to 2-brane solutions coupled to the
hypermultiplets sector of the reduced theory.
In the next chapter, we find 2-brane solutions coupled to the hypermultiplets,
and discuss how they arise from the eleven dimensional wrapping. This will involve
studying D = 5 N = 2 SUGRA theory and how it arises as a dimensional reduction of
D = 11 SUGRA. The topology of the Calabi-Yau 3-fold is responsible for the very rich
structure of the resulting theory, particularly of the space of the complex structure
moduli, involving the symplectically invariant special Ka¨hler geometry. One might
even say that this structure lends a detailed description of the ‘internal’ mechanics of
the D = 11 solutions.
We first outline the dimensional reduction of eleven dimensional supergravity over
a Calabi-Yau 3-fold down to five dimensions. The theory we find is ungauged N = 2
supergravity [10, 29, 62, 100, 107]1, containing, in addition to the gravity sector2, two
1For a discussion of the gauged theory, see [57].
2The graviton gµν and two gravitini ψ
1
µ and ψ
2
µ.
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matter supermultiplet sectors known as the vector multiplets and the hypermultiplets
(including the U(1) graviphoton Aµ and the dilaton σ respectively). The scalars
of the vector multiplets arise from the Ka¨hler moduli of the CY 3-fold, while the
hypermultiplets scalars arise from the complex structure moduli. M-branes wrapping
Ka¨hler calibrated cycles of the CY deform the Ka¨hler moduli while those wrapping
SLAG cycles result in the deformation of the complex structure moduli. The number
of the resulting fields depends on the topology of the CY manifold. We note that the
two sectors naturally decouple from each other [13, 16, 44], which makes it feasible
to consistently set one of them to zero. As we are interested in the hypermultiplets
sector only, we will systematically drop all terms that depend on the Ka¨hler (1, 1)-
forms. For reference, similar string theory compactifications were performed in [7, 27].
Other interesting studies of N = 2 supersymmetry and its matter content include
[36, 131, 99]. Work within the hypermultiplets sector, specially the five dimensional
case, is quite rare in the literature. On the other hand, the vector multiplets sector,
specially in four dimensions, is better understood. Fortunately, as we explain in the
appendices, one can use the technology developed for the latter to discuss the former.
4.1 Preliminaries
We start with the action of eleven dimensional supergravity
S11 =
1
2κ211
∫
d11x
√−G
(
R − 1
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F 2
)
− 1
12κ211
∫
A ∧ F ∧ F , (4.1)
and discuss only the bosonic part of the calculation. We are basically following in
detail the calculation first performed in [82]. For the eleven dimensional metric, the
following ansatz is used:
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ds211 = GMNdx
MdxN
= e
2
3
σgµνdx
µdxν + e−
σ
3 kabdy
adyb
= e
2
3
σgµνdx
µdxν + e−
σ
3 (kmndw
mdwn + km¯n¯dw
m¯dwn¯ + 2kmn¯dw
mdwn¯) ,
(4.2)
where the Greek indices are five dimensional, the capital Latin indices are eleven
dimensional, the small Latin indices from the beginning of the alphabet are six di-
mensional and the holomorphic and antiholomorphic indices (m,n; m¯, n¯) are three
dimensional over the Calabi-Yau space. The metric gµν is the five dimensional met-
ric, which will eventually contain our 2-brane solutions. The dilaton σ is dependent
only on the xµ directions, and the exponents have been chosen such that the resulting
D = 5 action would have the conventional numerical coefficients.
Now, generally, the eleven-dimensional 3-form ALMN has two separable compo-
nents, the five dimensional part Aµνρ, with a field strength Fµνρσ which we leave alone,
and the six dimensional part Aabc that lives on the CY 3-fold. We expand the later in
terms of the H3-dual cohomology forms αI and β
I (A.34), where the I and J indices
run over 0 to h2,1:
A =
1
3!
Aµνρdx
µdxνdxρ +
√
2
(
ζIαI + ζ˜Iβ
I
)
. (4.3)
The coefficients ζI and ζ˜I appear as axial scalar fields in the lower dimensional
theory. We also note that the 3-form Aµνρ in five dimensions is dual to a scalar
field which we will call a (also known as the universal axion). The set (a, σ, ζ0, ζ˜0)
comprise the universal hypermultiplet3. The rest of the hypermultiplets are (zi, z i¯, ζ i,
ζ˜i : i = 1, . . . , h2,1), where we recognize the z’s as the CY’s complex structure moduli
3So called because it appears in all Calabi-Yau compactifications, irrespective of the detailed
structure of the CY manifold.
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(as demonstrated in appendix B). Note that the total number of scalar fields in
the hypermultiplets sector is 4(h2,1+1) (each hypermultiplet has 4 real scalar fields).
Later, we will show that those scalar fields, although exhibiting explicit special Ka¨hler
geometry, actually parameterize a quaternionic manifold of (h2,1+1) components (the
c-map).
The solutions we are looking for are, as noted earlier, 2-brane solutions coupled
to the hypermultiplets. This makes our solutions magnetically dual to the instanton
solutions of [81, 82]4. For easier comparison, we will, with some exceptions, follow
their notation and conventions throughout.
4.2 The Einstein-Hilbert term
SE =
1
2κ211
∫
d11x
√−GR (4.4)
We list the formulae needed for the calculation:
1. The metric
Gµν = e
2
3
σgµν , G
µν = e−
2
3
σgµν
Gab = e
−σ
3 kab , G
ab = e
σ
3 kab
G = detGMN = e
4
3
σgk,
g = det gµν , k = det kab. (4.5)
4The formula is: a p-brane is the magnetic dual to a (D − p− 4)-brane in D dimensions. So, a
(p = 2)-brane is dual to a (5− 2− 4 = −1)-brane in 5 dimensions, i.e. an instanton.
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2. The Christoffel symbols
Γµνρ = Γ˜
µ
νρ [g] +
1
3
[
δµρ (∂νσ) + δ
µ
ν (∂ρσ)− δνρδµκ (∂κσ)
]
Γµab =
1
6
e−σkabg
µν (∂νσ)− 1
2
e−σgµν (∂νkab)
Γaµb =
1
2
kac (∂µkcb)− 1
6
δab (∂µσ)
Γabc = Γˆ
a
bc [k] , (4.6)
where the (˜) and the (ˆ) refer to purely five and six dimensional components
respectively.
3. The Ricci scalar
e
2
3
σGabRab = ∇˜2σ + 1
2
(∂µ ln k) (∂
µσ)− 1
2
∇˜2 ln k − 1
4
(∂µ ln k) (∂
µ ln k) ,
e
2
3
σGµνRµν = R˜ [g]− 5
3
∇˜2σ − 1
2
(∂µσ) (∂
µσ)− 1
2
∇˜2 ln k
− 1
2
(∂µ ln k) (∂
µσ) +
1
4
(
∂µk
ab
)
(∂µkab) ,
R =
√−gk√−G
[
R˜ [g]− 2
3
∇˜2σ − 1
2
(∂µσ) (∂
µσ)− ∇˜2 ln k
− 1
4
(∂µ ln k) (∂
µ ln k) +
1
4
(
∂µk
ab
)
(∂µkab)
]
. (4.7)
Now, the ∇˜2σ term is a total derivative and hence has no effect on the physics,
we drop it out5. Considering the terms involving the CY metric k, we notice that
some of those yield either terms dependent on kmn and km¯n¯, which vanish because
of (A.4), or terms that contribute to the vector multiplets, which we also drop. The
5Also note that the terms containing (ln k)-dilaton couplings cancel exactly, which explicitly
demonstrates the decoupling of the vector and hypermultiplets, since this expression includes both
δkmn and δkmn¯ components.
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only surviving terms are of the form [kmn¯krp¯ (∂µkmr) (∂
µkn¯p¯)]. Using the definition
(A.31), we write:
∫
d6w
√
k [kmn¯krp¯ (∂µkmr) (∂
µkn¯p¯)] ∼ VCYGij¯ (∂µzi)(∂µzj¯),
up to a redefinition of numerical coefficients. Putting things together, the compacti-
fication of the eleven dimensional Einstein-Hilbert term yields:
SE =
VCY
2κ211
∫
d5x
√−g
[
R5 − 1
2
(∂µσ) (∂
µσ)−Gij¯(∂µzi)(∂µzj¯)
]
, (4.8)
where the Calabi-Yau volume is defined by:
VCY =
∫
d6w
√
k. (4.9)
4.3 The F 2 term
SF 2 = − 1
2κ211
∫
d11x
√−G 1
48
FLMNPFLMNP
= − 1
2κ211
1
48
∫
d5x
√−g
∫
d6w
√
k
[
e−2σFµνρσF
µνρσ + e
2
3
σFµF
µ
]
, (4.10)
where (compact indices suppressed)
Fµ =
√
2
[(
∂µζ
I
)
αI +
(
∂µζ˜I
)
βI
]
⋆Fµ =
√
2
[(
∂µζ
I
)
⋆ αI +
(
∂µζ˜I
)
⋆ βI
]
. (4.11)
Substituting, we get:
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SF 2 = − VCY
2κ211
∫
d5x
√−g 1
48
e−2σF µνρσFµνρσ (4.12)
− 1
2κ211
∫
d5x
√−geσ

(∂µζI) (∂µζJ) ∫
CY
αI ∧ ⋆αJ
+ (∂µζ
I)(∂µζ˜J)
∫
CY
αI ∧ ⋆βJ + (∂µζ˜I)(∂µζJ)
∫
CY
βI ∧ ⋆αJ
+ (∂µζ˜I)(∂
µζ˜J)
∫
CY
βI ∧ ⋆βJ

 .
In order to do the six dimensional integrals, we need explicit expressions for ⋆α
and ⋆β such that ⋆ ⋆ α = −α and ⋆ ⋆ β = −β. This has been done in various
sources, for example [136], where they are expressed in terms of the real and imaginary
components of the period matrix. Using matrix notation in the I, J indices, these
are6:
⋆α =
(
γ + γ−1θ2
)
β − γ−1θα
⋆β = γ−1θβ − γ−1α. (4.13)
We find:
SF 2 = − 1
2κ211
∫
d5x
√−g
{
VCY
48
e−2σF µνρσFµνρσ
+ eσ
[(
γ + γ−1θ2
)
(∂µζ) (∂
µζ) + γ−1(∂µζ˜)(∂
µζ˜)
+ 2γ−1θ(∂µζ)(∂
µζ˜)
]}
. (4.14)
The reader will note that the appearance of the components of the period matrix
in this, seemingly arbitrary, form actually has a solid reason: the fact that the matrix
6From the appendices, recall that ReN = θ and ImN = −γ, where N is the period matrix.
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Λ =

 γ−1θ γ−1
(γ + γ−1θ2) −γ−1θ

 (4.15)
is a symplectic matrix as defined by (B.16). It ensures the symplectic invariance of
the action.
4.4 The Chern Simons term
Using the explicit expressions for A and F , we write the Chern-Simons term as
follows:
SCS = − 1
12κ211
∫
A ∧ F ∧ F
= − 1
12κ211
4
∫
dA˜ ∧
[(
ζα+ ζ˜β
)
∧
(
dζα+ dζ˜β
)]
=
−1
48κ211
∫
d5xεµνρσκF
µνρσ
∫
CY
[
ζI(∂κζ˜J)
(
αI ∧ βJ
)
+ ζ˜I(∂
κζJ)
(
βI ∧ αJ
)]
.
(4.16)
Now, using (A.34), we end up with:
SCS = − 1
2κ211
1
24
∫
d5x
√−gε¯µνρσκF µνρσ
[
ζI
(
∂κζ˜I
)
− ζ˜I
(
∂κζI
)]
. (4.17)
Summing up, the bosonic part of the action is (choosing κ211 = κ
2
5 and VCY = 1):
S5 =
1
2κ25
∫
d5x
√−g
[
R− 1
2
(∂µσ) (∂
µσ)−Gij¯(∂µzi)(∂µzj¯)
− 1
48
e−2σFµνρσF
µνρσ − 1
24
ε¯µνρσαF
µνρσKα
(
ζ, ζ˜
)
+ eσLµµ
(
ζ, ζ˜
)]
, (4.18)
where we have defined the spacetime tensors:
64
Kα(ζ, ζ˜) =
[
ζI(∂αζ˜I)− ζ˜I(∂αζI)
]
Lµν(ζ, ζ˜) = −
(
γ + γ−1θ2
)
(∂µζ) (∂νζ)− γ−1(∂µζ˜)(∂ν ζ˜)
−2γ−1θ (∂µζ) (∂ν ζ˜). (4.19)
Note that if we write the axion fields in a symplectic vector form (spacetime indices
suppressed)
Ξ =

 (∂ζ)
(∂ζ˜)

 , (4.20)
then Lµν is nothing more than the norm Ξ
TΛΞ of this vector in symplectic space,
with Λ defined by (4.15). See appendix B for a more detailed discussion.
4.5 The supersymmetry transformations
What are the SUSY transformations that the action (4.18), after including the
fermionic terms, is invariant under? In this section, we outline the general argument
for acquiring those from the eleven dimensional one [82]. We will also define the
pertinent quantities in a way that will be useful in showing the quaternionic nature
of the action. In eleven dimensions, the only fermionic field is the gravitino, while in
five dimensions, we have two gravitini and a set of hyperini; the superpartners of the
hypermultiplet bosons.
On a CY 3-fold, there are two supercovariantly constant Killing spinors [47], which
may be defined, as usual, in terms of the Dirac matrices as follows:
Γmη+ = 0 , Γ
m¯η− = 0, (4.21)
hence
Γmˆnˆpˆη+ = ±ε¯mˆnˆpˆη−, (4.22)
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which we use to define the spinors in terms of the (3, 0) form:
Γmnpη+ = Ωmnpη−
η− =
1
|Ω|2Ω
mnpΓmnpη+. (4.23)
Now, an eleven dimensional spinor Λ may be expanded in terms of the five dimen-
sional spinors ǫ1 and ǫ2 as follows:
Λ = ǫ1 ⊗ η+ + ǫ2 ⊗ η−. (4.24)
The strategy is to write the eleven dimensional gravitino equation, expand in
terms of the five dimensional spinors similarly to (4.24), then identify the terms that
are dependent on the (2, 1) and (1, 2) forms (∇iΩ) and
(∇i¯Ω¯), or their components
χi and χi¯, defined by (A.30), where the U(1) Ka¨hler covariant derivative ∇i is defined
by (B.28) and (B.29). These are taken to represent the hyperini, and their sum is
identified as the hyperino variation equations. The rest of the terms, dependent on
the (3, 0) and (0, 3) forms, become the N = 2 gravitini equations.
We begin with the D = 11 gravitino variation:
δǫψM = (∇MΛ)− 1
288
FLNPQ
(
Γ LNPQM − 8δLMΓNPQ
)
Λ. (4.25)
Based on the metric (4.2), we collect the relevant quantities:
eµˆν = e
σ
3N µˆν , e
aˆ
b = e
−σ
6E aˆb
gµν = N
αˆ
µN
βˆ
νηαˆβˆ , kab = E
cˆ
aE
dˆ
bδcˆdˆ. (4.26)
The non-vanishing components of the spin connections are then:
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ω αˆβˆµ = ω˜
αˆβˆ
µ [g]−
1
3
(
N αˆνN βˆµ −N αˆµN βˆν
)
(∂νσ)
ω aˆbˆµ = E
aˆd
(
∂µE
bˆ
d
)
− 1
2
E bˆfE aˆd (∂µkdf)
ω αˆbˆa = e
−σ
2N αˆβ
[
1
6
E bˆa (∂βσ)−
1
2
E bˆd (∂βkad)
]
ω aˆbˆc = ωˆ
aˆbˆ
c [kab] . (4.27)
We note that ω aˆbˆµ breaks down into (mˆˆ¯n), ( ˆ¯mnˆ), (mˆnˆ) and ( ˆ¯mˆ¯n) pieces. The last
two we can write in terms of the Christoffel symbol:
Γn¯µm =
1
2 |Ω|2Ω
n¯o¯p¯χo¯p¯m|¯i(∂µz
i¯), (4.28)
and its complex conjugate. This introduces the complex structure moduli. The
remainder of the ω aˆbˆµ components are also expanded in terms of the moduli. They
contribute an expression that is identified as the U(1) Ka¨hler connection. We report
on the result below.
To deal with the components Fµabc of the field strength, we note that, up to an
exact form, one can always expand any three form, in this case Fµ, in terms of the (3, 0)
and (2, 1) forms dual to the homology decomposition H3 = H3,0⊕H2,1⊕H1,2⊕H0,3
as follows [48, 82]:
Fµ = ie
K/2X¯Ω− ieK/2gij¯ (∇j¯X¯) (∇iΩ) + c.c.
X¯ =
∫
Fµ ∧ Ω¯, (4.29)
where the quantities X and X¯ are clearly the coefficients of the expansion, found in
the usual way by making use of:
〈Ω | ∇iΩ〉 =
〈
Ω
∣∣ ∇i¯Ω¯〉 = 0〈
Ω
∣∣ Ω¯〉 = −ie−K〈∇iΩ ∣∣ ∇j¯Ω¯〉 = iGij¯e−K. (4.30)
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The field strength form Fµ then becomes:
Fµ = i
√
2
[
MI(∂µζ
I) + LI(∂µζ˜I)
]
Ω¯
− i
√
2gij¯
[
hiI(∂µζ
I) + f Ii (∂µζ˜I)
] (∇j¯Ω¯)+ c.c. (4.31)
where the quantities (L,M) are the components of the symplectic section defined by
(B.26), and (h, f) are their U(1) Ka¨hler covariant derivatives (B.29).
Putting everything together, we find that we can write the resulting equations as
follows:
The gravitini equations:
δψAµ = ∇µǫA + [Qµ]AB ǫB
[Qµ] =

 14 (vµ − v¯µ − Rµ) −u¯µ
uµ −14 (vµ − v¯µ − Rµ)


(4.32)
where the indices A and B run over (1, 2), and
uµ = −ieσ2
[
MI(∂µζ
I) + LI(∂µζ˜I)
]
u¯µ = +ie
σ
2
[
M¯I(∂µζ
I) + L¯I(∂µζ˜I)
]
vµ =
1
2
(∂µσ) +
i
2
eσ [(∂µa)−Kµ]
v¯µ =
1
2
(∂µσ)− i
2
eσ [(∂µa)−Kµ] , (4.33)
where we have rewritten the 3-form field in terms of its dual; the universal axion a,
and Kµ is defined by (4.19). The fields are grouped together in this manner for a
reason that will become clear shortly. The quantity Rµ is short for:
Rµ =
Z¯INIJ
(
∂µZ
J
)− ZINIJ (∂µZ¯J)
Z¯INIJZJ
, (4.34)
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where
NIJ = Im
(
∂FI
∂ZJ
)
, (4.35)
encoding the dependence of FI on Z
I .
The matrix Q is the Sp(1) connection of the quaternionic manifold described by
the action7. One can also see that the quantity Rµ may be identified as the Ka¨hler
U(1) connection defined by (A.26), having used the explicit definition of the special
Ka¨hler potential (A.40). One can derive Q based on these arguments alone with no
reference to the higher dimensional theory, as was done in [63] for the four dimensional
case.
The hyperini equations are:
δξI1 = e
1I
µΓ
µǫ1 − e¯2IµΓµǫ2
δξI2 = e
2I
µΓ
µǫ1 + e¯
1I
µΓ
µǫ2, (4.36)
written in terms of the beins:
e1Iµ =

 uµ
E iˆ µ


e2Iµ =

 vµ
eiˆ µ

 (4.37)
E iˆ µ = −ie
σ
2 eiˆj
[
hjI
(
∂µζ
I
)
+ f Ij
(
∂µζ˜I
)]
E¯ iˆ µ = +ie
σ
2 eiˆj¯
[
hj¯I
(
∂µζ
I
)
+ f Ij¯
(
∂µζ˜I
)]
, (4.38)
7Recall that a quaternionic manifold has Sp(h2,1 + 1)⊗ Sp(1) holonomy.
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and the beins of the special Ka¨hler metric:
eiˆ µ = e
iˆ
j
(
∂µz
j
)
, e¯iˆ µ = e
iˆ
j¯
(
∂µz
j¯
)
Gij¯ = e
kˆ
ie
lˆ
j¯δkˆlˆ. (4.39)
Now, we have intentionally written everything in terms of the vielbein one forms
e1Iµ, in order to show that we can write the quaternionic veilbein:
V ΓA =


e1Iµ
e¯1Iµ
−e2Iµ
e¯2Iµ


, Γ = 1, . . . , 2h2,1, A = 1, 2 (4.40)
such that the action (4.18) may be written in the compact form:
S = 2
∫
d5x
√−g

uµu¯µ + vµv¯µ +∑
iˆ
(
eiˆ µe¯
iˆ
µ + E
iˆ
µE¯
iˆ
µ
)
= 2
∫
d5x
√−g
∑
I
(
e1Iµe¯
1I
µ + e
2I
µe¯
2I
µ
)
= 2
∫
d5x
√−g
∑
A=1,2
Γ=1,...,2h2,1
(
V ΓAV¯ ΓA
)
, (4.41)
which, we note, is exactly the quaternionic structure discussed briefly in (B.38) if we
identify:
V · V¯ ↔ (∇q) · (∇q) , (4.42)
and recognize that the real components of the quaternionic degrees of freedom qu are
linear combinations of the hypermultiplet scalar fields. This explicitly shows that the
special geometric structure we get is indeed quaternionic, in clear demonstration of
the c-map, as discussed in §B.5.
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4.6 Symmetries of the theory and the equations of motion
We have discussed how the hypermultiplets define a quaternionic manifold. There
are three isometries of this type of manifold [46], which physically (i.e. from the
Lagrangian’s point of view) correspond to the invariance of the action under the
following infinitesimal shifts:
ζI → ζI + εI ,
ζ˜I → ζ˜I + ε˜I ,
a→ a + δ + ε˜IζI − εI ζ˜I , (4.43)
where ε, ε˜ and δ are infinitesimal parameters. Note that these are symmetries of the
dual action, after taking Aµνρ → a, since this is the case where the action can be
shown to be quaternionic.
The equations of motion of ζI , ζ˜
I and a are simply the conservation laws of the
Noether currents JIµ, J˜
I
µ and J
5
µ associated with these symmetries. The corresponding
charges are:
QI2 =
∮
dΣµJIµ
Q˜I2 =
∮
dΣµJ˜Iµ
Q5 =
∮
dΣµJ5µ, (4.44)
respectively, where dΣµ is an element of the Gaussian ‘surface’ surrounding the charge.
In our case; a 2-brane in five dimensions, this surface will simply be S1. The charge
Q5 corresponds to the wrapping of membranes over the Calabi-Yau manifold8. The
8Instead of calling it Q2, as would perhaps seem more appropriate, we choose to keep the notation
like that of [81, 82] for convenience. In their case, the situation is reversed because they studied the
Euclidean dual theory.
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other two charges correspond to M5-brane wrappings over the CY. We note that these
charges transform under the given shifts as follows:
QI2 → QI2 + ε˜IQ5,
Q˜I2 → Q˜I2 − εIQ5,
Q5 → Q5. (4.45)
Now, using the variational principle as usual, we derive the equations of motion
for σ, Fµνρλ, (z, z¯) and (ζ, ζ˜). These are:
∇2σ + eσLµµ +
1
24
e−2σFµνρσF
µνρσ = 0 (4.46)
∇µ (e−2σFµρσλ + ε¯µρσλνKν) = 0 (4.47)
∇2zi + Γijk
(
∂αz
j
) (
∂αzk
)
+ eσ
(
∂iLµµ
)
= 0
∇2z i¯ + Γi¯
j¯k¯
(∂αz
j¯)(∂αzk¯) + eσ(∂ i¯Lµµ) = 0 (4.48)
∇µ
[
eσ
(
γ + γ−1θ2
)
(∂µζ) + γ
−1θeσ(∂µζ˜) − 1
48
ε¯µνρσαF
µνρσ ζ˜
]
=
1
48
ε¯µνρσαF
µνρσ(∂αζ˜)
∇µ
[
eσγ−1θ (∂µζ) + e
σγ−1(∂µζ˜) +
eσ
48
ε¯µνρσαF
µνρσζ
]
= − 1
48
ε¯µνρσαF
µνρσ (∂αζ) , (4.49)
with Kµ and Lµν defined by (4.19).
The explicit form of the currents is given by [82]:
Jµ = 2e
σ
[(
γ + γ−1θ2
)
(∂µζ) + γ
−1θ(∂µζ˜)
]
+ e2σ [(∂µa)−Kµ] ζ˜
J˜µ = 2e
σγ−1
[
θ (∂µζ) + (∂µζ˜)
]
− e2σ [(∂µa)−Kµ] ζ
J5µ = e
2σ [(∂µa)−Kµ] . (4.50)
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4.7 Exciting the universal hypermultiplet only
It has been noted in passing that it is possible to find solutions where only the
universal hypermultiplet is excited [10], setting the rest of the hypermultiplets to
zero. From the compactification point of view, this may be viewed as the special
case (h2,1 = 0). The only hypermultiplet is hence the set (a, σ, ζ
0, ζ˜0) with their
hyperino superpartners. The universal hypermultiplet is independent of the details
of the structure of the CY 3-fold (although, globally, it is sensitive to its volume).
A consequence of this is that only the zeroth components of the symplectic vectors
and matrices, so prominent in the full theory, will feature in this case, contributing
constant complex numbers, the choice of which is a matter of convention, as long as
the rules of symplectic covariance, like (B.34), are satisfied. For example, we choose
N00 = −i, L0 = i
/√
2, and L¯0 = −i/√2. Consequently, we find that M0 = M¯0 =
L0N00 = L¯0N¯00 = 1
/√
2 and the inner product (B.27) is satisfied9.
Again, following the notation of [81], we choose to redefine the axions:
χ = ζ0 − iζ˜0 , χ¯ = ζ0 + iζ˜0. (4.51)
Based on this notation, we find that the definitions (4.19) become
Kα (χ, χ¯) =
i
2
[χ (∂αχ¯)− χ¯ (∂αχ)]
Lµν (χ, χ¯) = − (∂µχ) (∂ν χ¯) , (4.52)
and the bosonic action reduces to:
9Meaning that we have set Re (N00) = θ = 0 and Im (N00) = −γ = −1. This simply amounts
to a choice of symplectic gauge and only means that other actions based on different choices will be
related to this one by a symplectic rotation that has no effect on the physics.
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S =
1
2κ25
∫
d5x
√−g
{
−R + 1
2
(∂µσ) (∂
µσ) +
1
48
e−2σFµνρσF
µνρσ
+ eσ (∂µχ) (∂
µχ¯) +
i
48
ε¯µνρσαF
µνρσ [χ (∂αχ¯)− χ¯ (∂αχ)]
}
. (4.53)
Again, we note that the action is invariant under the following infinitesimal shifts:
χ→ χ + ε, χ¯→ χ¯+ ε, a→ a+ δ + i
4
(χε¯− χ¯ε) , (4.54)
where ε and δ are complex and real infinitesimal parameters respectively, and the
arguments of §4.6 remain valid [81].
The equations of motion of σ, Fµνρσ and (χ, χ¯) are, respectively:
∇2σ − 1
2
eσ (∂µχ) (∂
µχ¯) +
1
24
e−2σFµνρσF
µνρσ = 0 (4.55)
∇µ (e−2σFµνρσ + ε¯µνρσαKα) = 0 (4.56)
∇µ
[
eσ (∂µχ) +
i
48
ε¯µνρσαF
νρσαχ
]
= − i
48
ε¯µνρσαF
µνρσ (∂αχ)
∇µ
[
eσ (∂µχ¯)− i
48
ε¯µνρσαF
νρσαχ¯
]
= +
i
48
ε¯µνρσαF
µνρσ (∂αχ¯)
(4.57)
The full action is invariant under a set of supersymmetry transformations that
may be found by directly considering (4.32) and (4.36), yielding:
δψ1µ = ∇µǫ1 + i
e−σ
96
εµνρσλF
νρσλǫ1 − e
σ
2√
2
(∂µχ) ǫ2
δψ2µ = ∇µǫ2 − i
e−σ
96
εµνρσλF
νρσλǫ2 +
e
σ
2√
2
(∂µχ¯) ǫ1
δξ1 =
1
2
(∂µσ) Γ
µǫ1 − i
48
e−σεµνρσλF
µνρσΓλǫ1 +
e
σ
2√
2
(∂µχ) Γ
µǫ2
δξ2 =
1
2
(∂µσ) Γ
µǫ2 +
i
48
e−σεµνρσλF
µνρσΓλǫ2 − e
σ
2√
2
(∂µχ¯) Γ
µǫ1. (4.58)
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CHAPTER 5
THE FIVE DIMENSIONAL SOLUTIONS
We present our 2-brane solutions coupled to the hypermultiplets in N = 2 D = 5
supergravity. Our objective is the most general such solution coupled to the full set of
hypermultiplets, which may be used to deduce the general D = 11 SLAG calibrated
solution. We will, however, begin by finding special case solutions first and discuss
their geometrical interpretation as wrapped M-branes.
The chapter is structured as follows: In section 5.1 we derive the details of the
D = 5 Einstein equation: the components of the Einstein tensor, as well as the stress
tensor. In §5.2 we find a 2-brane solution coupled to the Universal hypermultiplet
with vanishing Q5 charge, i.e. the vanishing of the 3-form gauge field. This solution
is interpreted as the wrapping of a M5-brane over SLAG cycles of a Calabi-Yau
manifold with h2,1 = 0. It corresponds to the special case SLAG solution found in
eleven dimensions in chapter (3). In §5.3 we find a 2-brane solution coupled to the
Universal hypermultiplet with vanishing Q2 and Q˜2 charges, i.e. the vanishing of
the axial fields. This has the interpretation of a reduced M2-brane. In §5.4 and 5.5
we discuss in more detail the interpretation of the above solutions as wrapped M-
branes. In §5.6 we comment on the so called ‘high brane’ behavior of five dimensional
membranes. In §5.7 we present the general 2-brane solution coupled to the full set of
hypermultiplets with vanishing 3-form gauge potential. We study how the solution is
completely satisfied by representing the harmonic functions in terms of the symplectic
sections, as was proposed by Sabra in his work on black holes coupled to the vector
multiplets. In §5.8, and for the sake of completeness, we study some of the effects
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resulting from switching on the gauge field flux. Finally, in §5.9, we review a recently
published result proposing a D = 11 solution representing the wrapping of a M5-
brane over a SLAG calibrated submanifold. This should dimensionally reduce to our
general 2-brane solution in §5.7. We argue that, in fact, it doesn’t, and briefly discuss
the possibility of a correction.
The 2-brane ansatz we will use throughout is:
ds2 = e2Aσηabdx
adxb + e2Bσδµνdx
µdxν ,
a, b = 0, 1, 2, µ, ν = 3, 4, (5.1)
where the numbers A and B are to be fixed for each particular situation. Also, note
the change of notation, the Greek indices now describe the directions transverse to
the brane only. In what follows, we will also redefine the capital Latin indices to be
M,N = 0, . . . 4.
5.1 Einstein’s equation
First, we derive the components of Einstein’s equation GMN = RMN − 12gMNR =
8πTMN , for the metric (5.1) and the general action (4.18). As usual, we assume that
the fields are dependent only on the directions transverse to the brane. We later find
that the universal hypermultiplet fields can be expanded in terms of a single function
H harmonic in the transverse directions, i.e δµν (∂µ∂νH) = 0. We write all terms of
the Einstein equation in terms of this function for easy reference. For the dilaton, we
write σ = P lnH , where P is a constant to be fixed. This applies to all solutions,
except the most general case, where there will generally be more than one harmonic
function. Hence, we may rewrite the metric as:
ds2 = H(2AP )ηabdx
adxb +H(2BP )δαβdx
αdxβ . (5.2)
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The Ricci tensor is then:
Rab = −Agab [(∂µ∂µσ) + 3A (∂µσ) (∂µσ)] ,
Rµν = −Bgµν (∂α∂ασ)− 3A (∂µ∂νσ)
−3ABgµν (∂ασ) (∂ασ) +
(
6AB − 3A2) (∂µσ) (∂νσ) ,
Rab = AP (1− 3AP ) gab (∂µ lnH) (∂µ lnH) ,
Rµν = BP (1− 3AP ) gµν (∂α lnH) (∂α lnH)
+3AP (1− AP + 2BP ) (∂µ lnH) (∂ν lnH) . (5.3)
Also:
gMNGMN = g
MN
(
RMN − 1
2
gMNR
)
= −3
2
R, (5.4)
where the Ricci scalar curvature is:
R = −(6A+ 2B) (∂µ∂µσ)− 12A2 (∂µσ) (∂µσ)
= 2P
(
3A+B − 6A2P ) (∂µ lnH) (∂µ lnH) . (5.5)
The Einstein tensor GMN is:
Gab = gab
[
(2A+B) (∂µ∂µσ) + 3A
2 (∂µσ) (∂µσ)
]
= gab
[
3 (AP )2 − 2 (AP )− (BP )] (∂µ lnH) (∂µ lnH)
Gµν = 3Agµν (∂
α∂ασ) +
(
6A2 − 3AB) gµν (∂ασ) (∂ασ)
−3A (∂µ∂νσ) +
(
6AB − 3A2) (∂µσ) (∂νσ)
= gµν
[
6 (AP )2 − 3 (AP ) (BP )− 3 (AP )] (∂α lnH) (∂α lnH)
+
[
6 (AP ) (BP )− 3 (AP )2 + 3 (AP )] (∂µ lnH) (∂ν lnH) . (5.6)
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The energy momentum tensor is found to be:
(8π) TMN =
1√−g
δS
δgMN
(8π)Tab = −1
4
gab (∂ασ) (∂
ασ)− 1
2
gabGij¯
(
∂αz
i
) (
∂αzj¯
)
+
1
12
e−2σFLMNaF
LMN
b − 1
96
e−2σgabFLMNPF
LMNP
+
1
6
ε¯LMNaαF
LMN
bK
α − 1
48
gabε¯LMNPαF
LMNPKα +
1
2
eσgabL
α
α
(8π)Tµν =
1
2
(∂µσ) (∂νσ)− 1
4
gµν (∂ασ) (∂
ασ)
+ Gij¯
(
∂µz
i
) (
∂νz
j¯
)
− 1
2
gµνGij¯
(
∂αz
i
) (
∂αzj¯
)
+
1
12
e−2σFLMNµF
LMN
ν − 1
96
e−2σgµνFLMNPF
LMNP
+
1
24
ε¯LMNPµF
LMNPKν +
1
6
ε¯LMNµαF
LMN
νK
α
− 1
48
gµν ε¯LMNPαF
LMNPKα − eσLµν + 1
2
eσgµνL
α
α. (5.7)
Since the only nonvanishing components of the 4-form field strength are Fµabc, we
can rewrite:
(8π)Tab = −1
4
gab (∂ασ) (∂
ασ)− 1
2
gabGij¯
(
∂αz
i
) (
∂αzj¯
)
+
1
4
e−2σFµdcaF
µdc
b − 1
24
e−2σgabFµdceF
µdce
+
1
2
ε¯µdcaρF
µdc
bK
ρ − 1
12
gabε¯µdceρF
µdceKρ +
1
2
eσgabL
α
α
(8π) Tµν =
1
2
(∂µσ) (∂νσ)− 1
4
gµν (∂ασ) (∂
ασ)
+ Gij¯
(
∂µz
i
) (
∂νz
j¯
)
− 1
2
gµνGij¯
(
∂αz
i
) (
∂αzj¯
)
+
1
12
e−2σFabcµF
abc
ν − 1
24
e−2σgµνFαabcF
αabc
+
1
6
ε¯αabcµF
αabcKν +
1
6
ε¯abcµρF
abc
νK
ρ
− 1
12
gµν ε¯αabcρF
αabcKρ − eσLµν + 1
2
eσgµνL
α
α, (5.8)
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and
(8π) TAA = −
3
4
(∂µσ) (∂
µσ)− 3
2
Gij¯
(
∂µz
i
) (
∂µzj¯
)
+
1
8
FµabcF
µabc +
5
12
ε¯µabcαF
µabcKα +
3
2
eσLµµ. (5.9)
5.2 The universal hypermultiplet 2-brane with
(
Q5 = 0
)
We start by solving the Einstein equation along with the scalar fields’ equations of
motion, then show that our solutions satisfy supersymmetry using the SUSY variation
equations. We write the axions in terms of the harmonic function H as follows:
(∂µχ) = ne
iϕl νµ (∂νH
η) = nηeiϕHηl νµ (∂ν lnH) (5.10)
(∂µχ¯) = ne
−iϕl νµ (∂νH
η) = nηe−iϕHηl νµ (∂ν lnH) , (5.11)
where n and η are constants to be determined, the constant phase is put in to make
χ complex, conforming with its definition (4.51), and the tensor l νµ is either the
Kroenicker delta δνµ or the Levi-Civita totally anti-symmetric symbol ε¯
ν
µ .
Plugging our ansa¨tze in Einstein’s equation and the equations of motion of the
dilaton and axions, we find that we can write both sides of these equations in terms
of (∂µ lnH) (∂
µ lnH) only, as the second order terms vanish. We end up with the
following algebraic equations:
1. (2η + P ) = 0 appears in all exponents.
2. Gab = 8πTab → 3 (AP )2 − 2 (AP )− (BP ) = −P 24
(
1 + n
2
2
)
3. Gµν = 8πTµν →
6 (AP )2 − 3 (AP ) (BP )− 3 (AP ) = −P 2
4
(
1 + cn
2
2
)
3
2
(AP )2 − 3 (AP ) (BP )− 3
2
(AP ) = −P 2
4
(
1 + cn
2
2
)
4. gµν (Gµν = 8πTµν) → 3 (AP )2 = (AP )
79
5. gMN (GMN = 8πTMN) → 6 (AP )2 − 3 (AP )− (BP ) = −P 24
(
1 + n
2
2
)
6. The dilaton’s e.o.m → 3 (AP ) = 1 + P
4
n2
7. The axions’ e.o.m → 3 (AP ) = 1− P
2
, which is valid iff l = δ.
(5.12)
The constant c is either +1 or −1 depending on whether l = δ or ε¯ respectively.
Now, equation (4) has two solutions (AP ) = 0 and (AP ) = 1/3. Using the 1/3
solution in the rest of the equations gives c = +1, i.e. l = δ. In this case, equation
(6) immediately gives P = 0, which is a contradiction. In other words, (AP ) = 1/3
does not satisfy the field equations. The (AP ) = 0 solution in turn, branches into
two possibilities. One can see that the equations are satisfied by either value of c,
except that the case c = +1, corresponding to l = δ, gives the result (BP ) = 0. In
other words, this is just the trivial case of flat Minkowski space, expected to satisfy
any theory containing gravity. The remaining possibility is c = −1, which yields:
n2 = 2, P = −2, η = 1, A = 0, B = −1, l = ε¯. (5.13)
The final form of the 2-brane solution coupled to the universal hypermultiplet
with (Q5 = 0) is:
Q5= 0 ;
(
Q2, Q˜2
)
6= 0
ds2 = ηabdx
adxb + e−2σδαβdx
αdxβ
= ηabdx
adxb +H4δαβdx
αdxβ (5.14)
(∂µχ) = ±e
−σ
2√
2
eiϕε¯ νµ (∂νσ) = ±
√
2eiϕε¯ νµ (∂νH)
(∂µχ¯) = ±e
−σ
2√
2
e−iϕε¯ νµ (∂νσ) = ±
√
2e−iϕε¯ νµ (∂νH) ,
H = e−σ/2 , δµν (∂µ∂νH) = 0. (5.15)
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5.2.1 Supersymmetry
We now check that this solution satisfies the supersymmetry equations (4.58), i.e.
whether or not it allows for supercovariantly constant spinors to exist.
The quantities needed are:
eaˆb = e
Aσηaˆb , e
µˆ
ν = e
Bσδµˆν
Γabα = Aδ
a
b (∂ασ)
Γαab = −Ae2(A−B)σηabδαβ (∂βσ)
Γµνρ = B
[
δµν (∂ρσ) + δ
µ
ρ (∂νσ)− δνρδµα (∂ασ)
]
(5.16)
ω bˆαˆa = Ae
(A−B)σηbˆaδ
αˆβ (∂βσ)
ω βˆγˆα = B
(
δβˆαδ
γˆρ − δβˆρδγˆα
)
(∂ρσ)
∇a = ∂a + A
2
(∂µσ) Γa
µ
∇α = ∂α + B
2
(∂ρσ) Γα
ρ. (5.17)
We also use the projection condition1:
Γαˆβˆǫr = brε¯αˆβˆǫr, r = (1, 2), br = ±1
Γµνǫr = bre
−2Bσ ε¯µνǫr
Γ νµ ǫr = brε¯
ν
µ ǫr
Γµǫr = −br ε¯ µν Γνǫr. (5.18)
1The Einstein summation convention is not used over the index r.
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Now, considering equations (4.58); (δψra = 0) vanishes identically and:
(δξr = 0) →
ǫ1 ± b2eiϕǫ2 = 0
ǫ2 ∓ b1e−iϕǫ1 = 0
(
δψrµ = 0
) → (∂µǫ1) + ε¯ νµ (∂ν lnH) (b1ǫ1 ± eiϕǫ2) = 0
(∂µǫ2) + ε¯
ν
µ (∂ν lnH) (b2ǫ1 ∓ e−iϕǫ1) = 0
(5.19)
which can be solved by:
ǫ1 = ±eiϕǫ2 , (∂µǫ1) = (∂µǫ2) = 0. (5.20)
5.3 The universal hypermultiplet 2-brane with (Q2 = Q˜2 = 0)
We assume the following ansatz for the 4-form field strength:
Fµabc = κε¯abcl
ν
µ (∂νH
η) = κηHηε¯abcl
ν
µ (∂ν lnH) , (5.21)
and calculate the relevant terms of the stress tensor:
FµabcF
µabc = −6κ2η2H(2η−6AP ) (∂µ lnH) (∂µ lnH)
FµdcaF
µdc
b = −2κ2η2gabH(2η−6AP ) (∂µ lnH) (∂µ lnH)
FabcµF
abc
ν = −6κ2η2H(2η−6AP )l αµ l βµ (∂α lnH) (∂β lnH) . (5.22)
The field equations give:
1. η = (3A+ 1)P appears in all exponents.
2. Gab = 8πTab → 3 (AP )2 − 2 (AP )− (BP ) = −14 (P 2 + κ2η2)
3. Gµν = 8πTµν →
6 (AP )2 − 3 (AP ) (BP )− 3 (AP ) = −1
4
(P 2 − cκ2η2)
3
2
(AP )2 − 3 (AP ) (BP )− 3
2
(AP ) = −1
4
(P 2 − cκ2η2)
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4. gµν (Gµν = 8πTµν) → 3 (AP )2 = (AP )
5. gMN (GMN = 8πTMN) → 6 (AP )2 − 3 (AP )− (BP ) = −14 (P 2 + κ2η2)
6. The dilaton’s e.o.m → 3 (AP )P = P + κ2η2
7. The axions’ e.o.m → P = −1, which is valid iff l = δ.
(5.23)
Again, the constant c is either +1 if l = δ or −1 if l = ε¯.
The solution (AP ) = 1/3 results in κ2 = 0, and is hence not a solution to the
theory. The solution (AP ) = 0, as before, results into two possibilities; one being
the trivial case of flat space (BP ) = 0, in which case, l = ε¯. The other is a 2-brane
coupled to a 3-form field, giving:
κ2 = 1, P = −1,
η = −1, (AP ) = A = 0, (5.24)
(BP ) = 1/2, B = −1/2, l = δ, (5.25)
and the complete solution becomes:
Q5 6= 0 ;
(
Q2, Q˜2
)
= 0
ds2 = ηabdx
adxb + e−σδαβdx
αdxβ
= ηabdx
adxb +Hδαβdx
αdxβ
Aabc = ±eσε¯abc = ±H−1ε¯abc
Fµabc = ±eσε¯abc (∂µσ) = ∓H−1ε¯abc (∂µ lnH)
H = e−σ, δµν (∂µ∂νH) = 0. (5.26)
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5.3.1 Supersymmetry
We plug into (4.58) to find that both (δξr = 0) and (δψ
r
a = 0) are satisfied exactly,
where this time, because of the lack of terms mixing the spinors, we get no conditions
defining one spinor in terms of the other as we did in (5.20). Also,
(
δψrµ = 0
)
is
trivially satisfied for (∂µǫ1) = (∂µǫ2) = 0.
We will now proceed to discuss the microscopic interpretation of these solutions
in terms of M-branes wrapped over a T 6. This will explicitly demonstrate the rela-
tionship between the (Q5 = 0) solution with the SLAG calibrated eleven dimensional
solution we found before. Note that the torus T 6 is a degenerate case of a Calabi-Yau
3-fold, preserving all of supersymmetry.
5.4 (D = 11) M2-brane  (D = 5) 2-brane
The M2-brane in eleven dimensions coupled to a three form gauge field looks like:
ds211 = H
− 2
3dx2‖ +H
1
3dx2⊥
dx2‖ =
(−dt2 + dx21 + dx22) ,
dx2⊥ =
(
dx23 + · · ·+ dx210
)
A012 = ±H−1,(∇2⊥H) = 0. (5.27)
We dimensionally reduce this over a T 6 in order to demonstrate the geometrical
interpretation of the solution of §5.3 as a reduced M2-brane. We extract the five
dimensional metric from the above eleven dimensional one by keeping the 2-brane part
(first term in the metric) as it is, separating six of the eight transverse dimensions,
assuming them compact and contracting to a point. Explicitly:
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ds211 = H
− 2
3dx2‖ +H
1
3dx2⊥
= H−
2
3dx2‖ +H
1
3
(
dx23 + · · ·+ dx28
)︸ ︷︷ ︸
T 6
+H
1
3
(
dx29 + dx
2
10
)
=
[
H−
2
3
(−dt2 + dx21 + dx22)+H 13 (dx23 + dx24)]+H 13ds2T 6
= H−
2
3
(
ηabdx
adxb +Hδαβdx
αdxβ
)︸ ︷︷ ︸
The (5D) metric
+H
1
3ds2T 6 . (5.28)
Comparing with (4.2), we see that H = e−σ. So the D = 5 metric is:
ds2 = ηabdx
adxb + e−σδαβdx
αdxβ
= ηabdx
adxb +Hδαβdx
αdxβ, (5.29)
coupled to a 3-form field Aabc = ±H−1ε¯abc, which drops down to five dimensions as
is. This is exactly the case (5.26) and clearly demonstrates its interpretation as a
reduced (as opposed to wrapped) M2-brane.
5.5 (D = 11) M5-brane  (D = 5) 2-brane
A M5-brane in eleven dimensions looks like:
ds211 = H
− 1
3dx2‖ +H
2
3dx2⊥
dx2‖ =
(−dt2 + · · ·+ dx25) , dx2⊥ = (dx26 + · · ·+ dx210)
A012345 = ±H−1. (5.30)
We proceed to show that wrapping this over a T 6 yields the solution of §5.2.
Separate the terms of the metric into a 2-brane term, a transverse term and two
terms that will be wrapped on the torus:
ds211 = H
− 1
3dx2‖ +H
2
3dx2⊥ +H
− 1
3
(
dx25 + dx
2
6 + dx
2
7
)
+H
2
3
(
dx28 + dx
2
9 + dx
2
10
)
dx2‖ =
(−dt2 + dx21 + dx22) , dx2⊥ = (dx23 + dx24) , (5.31)
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then, we pair
z1 = x5 + ix8, z2 = x6 + ix9, z3 = x7 + ix10. (5.32)
Since the warp factors for the (5,6,7) and (8,9,10) directions are not the same, we
do not expect to be able to apply the exact same technique used in the M2-brane
case. Instead, we do the following: Since we expect this solution to be equivalent to
the D = 11 SLAG calibrated solution we found earlier (3.28), we consider the SLAG
calibrating form:
φ = Re (dz1 ∧ dz2 ∧ dz3) = Re [(dx5 + idx8) ∧ (dx6 + idx9) ∧ (dx7 + idx10)]
= dx5 ∧ dx6 ∧ dx7 − dx5 ∧ dx9 ∧ dx10
+ dx6 ∧ dx8 ∧ dx10 − dx7 ∧ dx8 ∧ dx9. (5.33)
To understand this, recall that A ∼ φ, which is simply the real part of the holo-
morphic 3-form. Also note that the complex structure moduli are constant. Other
examples of M5-brane configurations wrapping 3-cycles would deform the complex
structure of the torus.
Now, (5.33) is analogous to the following configuration of branes:
t 1 2 × × 5 6 7 × × ×
t 1 2 × × 5 × × × 9 10
t 1 2 × × × 6 × 8 × 10
t 1 2 × × × × 7 8 9 ×
(5.34)
giving a metric:
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ds211 = H
− 1
3
×4dx2‖ +H
2
3
×4dx2⊥ +H
− 1
3
×2H
2
3
×2
(
dx25 + · · ·+ dx210
)
= H−
4
3dx2|| +H
8
3dx2⊥ +H
2
3
(
dx25 + · · ·+ dx210
)︸ ︷︷ ︸
T 6
= H−
4
3
(
dx2|| +H
4dx2⊥
)︸ ︷︷ ︸
The (5D) metric
+H
2
3ds2CY . (5.35)
Note that the middle form of the above equation looks exactly like the SLAG
solution (3.28), which is expected since we began this construction by assuming that
an equivalence exists.
Now, comparing with (4.2), we see that H corresponds to e−
σ
2 , so we rewrite the
metric as follows:
ds2 = e
2
3
σηabdx
adxb + e−
4
3
σδαβdx
αdxβ
= e
2
3
σ
(
ηabdx
adxb + e−2σδαβdx
αdxβ
)
. (5.36)
To compare with the D = 5 result, we use (4.2) as before. The five dimensional
metric becomes:
ds2 = ηabdx
adxb + e−2σδαβdx
αdxβ
= ηabdx
adxb +H4δαβdx
αdxβ. (5.37)
This is exactly the metric in (5.14). We now look at the way the gauge field
wraps down to five dimensions. Writing the 6-form field coupled to the M5-brane in
(5.30) in complex coordinates yields the 6-form field coupled to the SLAG calibrated
intersecting M5-branes we found before. Explicitly we get:
Aabcmnp = ±H−1ε¯abcε¯mnp, Aabcm¯n¯p¯ = ±H−1ε¯abcε¯m¯n¯p¯
Fµabcmnp = ∓H−2 (∂µH) ε¯abcε¯mnp, Fµabcm¯n¯p¯ = ∓H−2 (∂µH) ε¯abcε¯m¯n¯p¯.
(5.38)
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Since the five dimensional theory was derived using the 4-form field strength, then
in order to compare we derive the Hodge dual of the result
Fµmnp = ∓ε¯ νµ (∂νH)Ωmnp, Fµm¯n¯p¯ = ∓ε¯ νµ (∂νH) Ωm¯n¯p¯ (5.39)
where Ω is the unique (3,0) form on the CY, which in the SLAG solution we identified
as Ωmnp = Eε¯mnp. Now, using (4.3) and (4.11) with h2,1 = 0, we find that the results
(5.39) and (5.15) match exactly if eiϕ (α + iβ) = Ω. Using the choice for L0 and M0
we have used before in §4.7, we get a trivial constraint on the value of the constant
phase eiϕ in terms of the special Ka¨hler potential which is also a constant in this case.
This confirms our interpretation of (5.14, 5.15) as a partially wrapped M5-brane,
and shows that the D = 11 SLAG calibrated solution we found in §3.3 corresponds to
a 2-brane in five dimensions, coupled to the universal hypermultiplet with (Q5 = 0).
The full hypermultiplets solution will be a generalization of this case, corresponding
to a generalization in eleven dimensions also.
5.6 A general comment on D = 5 membrane solutions
Let us take a closer look at the properties of a 2-brane in five dimensions. As we
have seen, it is possible to express the dilaton in terms of a function2 H harmonic
in the transverse directions, i.e. δµν (∂µ∂νH) = 0. For a single 2-brane solution, the
harmonic function is thus
H (x) = h+ q ln |x− x0| , (5.40)
where x0 represents the position vector of the brane in transverse space, and (h, q) are
constants. In spherical coordinates centered about x0, this is just H(r) = h+ q ln r.
2As we will see, we will need to introduce more harmonic functions for the most general case
with h2,1 > 0, but the discussion in this section will still basically hold.
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A familiar analogy is the standard elementary electrostatic problem of finding the
electric potential of a straight, infinitely long, wire with a homogenous distribution
of electric charge. For a single wire, with 2-dimensional transverse space, this yields
a logarithmic potential.
As an example, let us consider the (Q5 = 0) solution (5.15). The 2-brane metric
looks like:
ds2 = ηabdx
adxb + (h+ q ln r)4 δαβdx
αdxβ . (5.41)
Now using the coordinate transformation of derivatives r2∂µ = rxµ∂r − ε¯ νµ xν∂φ,
we find (∂µH) = xµq/r
2. This results in:
(
dχ
dr
)
=
(
dχ¯
dr
)
= 0(
dχ
dφ
)
= ±
√
2eiϕq , χ = χ0 ±
√
2eiϕqφ(
dχ¯
dφ
)
= ±
√
2e−iϕq , χ¯ = χ¯0 ±
√
2e−iϕqφ, (5.42)
where χ0 and χ¯0 are integration constants. The solutions describe a ‘spiral’ behavior
for the axial fields.
The fact that these, so called ‘high branes’, are not flat at infinity is interesting
and has been studied in various sources, such as [26]. However, as far as our objectives
are concerned, this curious property does not seem to be an impediment.
5.7 The general 2-brane solution
Armed with the experience of the special cases discussed so far, we now turn to our
final objective: the most general 2-brane solution in the hypermultiplets sector. As
remarked earlier, N = 2 D = 5 solitonic solutions coupled with the hypermultiplets
are quite rare in the literature. On the other hand, there is an abundance of solutions
coupled to the vector multiplets. N = 2 D = 4, 5 black holes coupled to vector
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multiplets, for example, have been extensively studied. Due to the c-map, as discussed
before, our solution contains a lot of similarities to these solutions. See, in particular,
the work by Sabra et al [21, 18, 19, 80, 122, 123, 124, 121, 125] and others [17, 20,
61, 68, 97].
We are interested in the case of a vanishing M2-brane charge, i.e. Q5 = 0. Later,
however, we will briefly discuss the effects of switching the membrane charge on.
Our ansatz for the metric will be (5.1) as usual. As for the scalar fields, we expect
that the most general case will be an expansion in terms of more that one harmonic
function, in fact 2 (h2,1 + 1) of them. In the previous simple cases, we looked at
situations with either h2,1 = 0 or Q2 = 0, and we were able to assume the existence
of one type of ‘electric’ charge q, and hence a single function H = (h+ q ln r). We
now need to generalize this by introducing a number (h2,1 + 1) electric charges qI
and a similar number of magnetic charges q˜I , corresponding to HI and H˜
I harmonic
functions associated with each homology cycle ∈ H3, hence3:
HI = hI + qI ln r , H˜
I = h˜I + q˜I ln r, I = 0, . . . , h2,1, (5.43)
based on the similar four and five dimensional BH solutions cited above, as well as
the magnetically dual instanton result of [82].
We find that the ansatz:
(
∂µζ
I
)
= neaσ ε¯ νµ (∂νH˜
I)
(∂µζ˜I) = ne
aσ ε¯ νµ (∂νHI) . (5.44)
3Note that both (qI , q˜
J ) and (HI , H˜
J) are symplectic vectors.
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satisfies the axion equations (4.49) exactly. Also, the Bianchi identity ε¯µν(∂µ∂νζ) = 0
yields the harmonic conditions δµν(∂µ∂νHI) = 0 and δ
µν(∂µ∂νH˜
I) = 0, provided that
a = 0, which will be confirmed later by other means.
5.7.1 An initial look at supersymmetry
Due to the expected complexity of these solutions, we make no ansa¨tze concerning
the dilaton or the moduli, but rather look at the SUSY equations first to get clues
about their form. The vanishing hyperino transformations (4.36) give:
1
2
(∂µσ) Γ
µǫ2 + e
(a+1/2)σε¯ νµ
[
LI (∂νHI)−MI(∂νH˜I)
]
Γµǫ1 = 0
1
2
(∂µσ) Γ
µǫ1 − e(a+1/2)σε¯ νµ
[
L¯I (∂νHI)− M¯I(∂νH˜I)
]
Γµǫ2 = 0 (5.45)
(∂µz
i)Γµǫ1 − e(a+1/2)σε¯ νµ Gij¯
[
f Ij¯ (∂νHI)− hj¯I(∂νH˜I)
]
Γµǫ2 = 0
(∂µz
i¯)Γµǫ2 + e
(a+1/2)σε¯ νµ G
i¯j
[
f Ij (∂νHI)− hjI(∂νH˜I)
]
Γµǫ1 = 0, (5.46)
implying ǫ1 = ±ǫ2. Equations (δψra = 0) give A = 0 as usual, and equations
(
δψrµ = 0
)
now give:
(∂µǫ1)− Rµ
4
ǫ1 +
b1B
2
(∂νσ) ε¯
ν
µ ǫ1 + e
(a+1/2)σε¯ νµ
[
L¯I (∂νHI)− M¯I(∂νH˜I)
]
Γµǫ2 = 0
(∂µǫ2) +
Rµ
4
ǫ2 +
b2B
2
(∂νσ) ε¯
ν
µ ǫ1 + e
(a+1/2)σε¯ νµ
[
L¯I (∂νHI)− M¯I(∂νH˜I)
]
Γµǫ1 = 0.
(5.47)
The general form of these equations allows us to construct the ansa¨tze:
(∂µσ) = κe
cσ
[
LI (∂µHI)−MI(∂µH˜I)
]
(
∂µz
i
)
= remσGij¯
[
f Ij¯ (∂νHI)− hj¯I(∂νH˜I)
]
(∂µz
i¯) = remσGi¯j
[
f Ij (∂µHI)− hjI(∂µH˜I)
]
, (5.48)
where κ, r, m and c are constants to be fixed.
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5.7.2 The field equations
We now go back to the equations of motion. The dilaton equation (4.46) requires
calculation of the tensor Lµν . We find that to be:
Lµν = n
2e2aσ ε¯ αµ ε¯
β
ν
[
−γ−1 (∂αH) (∂βH) +
(
γ + γ−1θ2
)
(∂αH˜)(∂βH˜)
+ γ−1θ(∂αH˜) (∂βH) + γ
−1θ (∂αH) (∂βH˜)
]
. (5.49)
The (∇2σ) term requires that we calculate (∂µ∂µσ), which in turn, demands knowl-
edge of how to compute the quantities
(
∂µL
I
)
and (∂µMI). Since the symplectic
sections are functions in the moduli, which are functions in the transverse spatial
coordinates, we can use the chain rule to find:
(
∂µL
I
)
= f Ii
(
∂µz
i
)
(∂µMI) = hiI
(
∂µz
i
)
. (5.50)
The dilaton equation becomes:
(∇2σ) = κecσ [f Ii (∂µzi)+ f Ii¯ (∂µz i¯)] (∂µHI) + κecσ [hiI (∂µzi)+ hi¯I(∂µz i¯)] (∂µH˜I)
+ cκ2ec2σ
[
LIL¯J (∂µHI) (∂
µHJ) +MIM¯J(∂µH˜
I)(∂µH˜J)+
+
(
LIM¯J + L¯
JMI
)
(∂µHI) (∂
µH˜J)
]
= eσLµµ. (5.51)
We now use (B.32) to evaluate the γ and θ quantities inside Lµµ. We find, in matrix
notation:
γ−1 = 2
(
Gij¯fifj¯ + |L|2
)
(
γ + γ−1θ2
)
= 2
(
Gij¯hihj¯ + |M |2
)
γ−1θ = 2
(
LM¯ + L¯M
)
. (5.52)
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Plugging in the ansa¨tze (5.48), cancellations occur and we end up with the alge-
braic relations:
(2a+ 1) = 2c
= c+m
2n2 = cκ2
= rκ, (5.53)
where we have used A = 0 from the SUSY equations.
Analysis of the Einstein equation follows similar arguments, ending with:
1. (2a+ 1) = 2c appears in all exponents.
2. Gab = 8πTab → B = − 14c − 12
3. Gµν = 8πTµν → − 14c + 12 = 0
4. gMN (GMN = 8πTMN) → B = − 14c − 12 .
(5.54)
All the above relations are simultaneously satisfied by:
c = m = 1/2, n = ±1, κ = −2, r = −1,
A = a = 0, B = −1. (5.55)
Finally, we check that the moduli equations (4.48) are satisfied. For this purpose,
we write:
(∇2zi) = (∂µ∂µzi)− 2 (∂µσ) (∂µzi)
Γi¯j¯k¯ = G
i¯l
(
∂j¯Gk¯l
)
, (5.56)
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and plug in the expressions for (∂µσ) and (∂
µzi). Evaluating
(
∂iLµµ
)
and (∂µ∂
µzi)
requires using the chain rule again, but this time on quantities like
(
∂µf
I
i
)
which in
turn requires the use of (B.33). Term by term cancellations occur and the moduli
equations are satisfied.
Hence, the form of the general solution is, so far:
ds2 = ηabdx
adxb + e−2σδµνdx
µdxν (5.57)
(∂µσ) = −2eσ2
[
LI (∂µHI)−MI(∂µH˜I)
]
= −2eσ2
[
L¯I (∂µHI)− M¯I(∂µH˜I)
]
(5.58)(
∂µz
i
)
= −eσ2Gij¯
[
f Ij¯ (∂νHI)− hj¯I(∂νH˜I)
]
(∂µz
i¯) = −eσ2Gi¯j
[
f Ij (∂µHI)− hjI(∂µH˜I)
]
(5.59)(
∂µζ
I
)
= ±ε¯ νµ (∂νH˜I)
(∂µζ˜I) = ±ε¯ νµ (∂νHI) . (5.60)
At this point, we run a final check on supersymmetry. Plugging in the results we
have so far in equations (5.45), (5.46) and (5.47) with the usual projections immedi-
ately gives ǫ1 = ±ǫ2 and
(∂µǫ1)− 1
4
Rµǫ1 = (∂µǫ2) +
1
4
Rµǫ2 = 0. (5.61)
This last seems to indicate that (∂µǫ1) = (∂µǫ2) = 0 and Rµ = 0, i.e.
Z¯INIJ
(
∂µZ
J
)− ZINIJ (∂µZ¯J) = 0, (5.62)
implying the vanishing of the U(1) Ka¨hler connection (A.26):
(∂iK) dzi − (∂i¯K) dz i¯ = 0. (5.63)
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5.7.3 Further detail
To pin down the solution even further, we follow the argument initiated by Sabra
in the case of black hole solutions coupled to the vector multiplets (see [21] as an
example). The symplectic invariance of the theory was used to write the harmonic
functions (HI , H˜
J) in terms of the symplectic sections, more specifically the periods
of the 3-form Ω.
We write everything explicitly in terms of the transverse directions in polar coor-
dinates (r, ϕ), based on the harmonic functions H and H˜ . In addition, we recognize
the charges q and q˜ as a c-mapped version of the electric and magnetic charges defined
by (B.11). We have hinted in §B.1 at a relationship between these and the central
charge of the theory, which we will discuss now.
As reviewed in §1.3, the supersymmetry algebra of any SUGRA theory has the
form (1.17). The operators Zµν··· can be diagonalized to yield what are known as the
central charges of the theory, which correspond to, basically, the charges the solitonic
solutions, i.e. the p-branes, carry. For N = 2 D = 5 SUGRA, the central charge Z
carried by the 2-brane is a symplectically invariant linear combination of the electric
and magnetic charges as follows [151]:
Z =
(
LIqI −MI q˜I
)
Z¯ =
(
L¯IqI − M¯I q˜I
)
, (5.64)
which can be inverted to:
qI = i
(
Z¯MI − ZM¯I
)
q˜I = i
(
Z¯LI − ZL¯I) . (5.65)
Based on these definitions, we can rewrite the field equations as follows:
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dσ
dr
= −2e−σ2 Z
r
= −2e−σ2 Z¯
r
(5.66)
dzi
dr
= −e−σ2 ∇
iZ¯
r
dz i¯
dr
= −e−σ2 ∇
i¯Z
r
(5.67)
dζ
dϕ
= q˜
dζ˜
dϕ
= q, (5.68)
where the Ka¨hler covariant derivative ∇i is defined by (B.28) and (B.29).
The solution is further specified if we adopt Sabra’s ansa¨tze:
σ = −K = ln [i (Z¯IFI − ZIF¯I)]
HI = i
(
FI − F¯I
)
H˜I = i
(
ZI − Z¯I) . (5.69)
The calculation showing that this indeed satisfies the field equations is analogous
to Sabra’s, detailed in [122]. Short of explicitly specifying a metric for the Calabi-Yau
manifold, this is as detailed as one can get the solution to be.
In summary, the general 2-brane solution coupled to the hypermultiplets with
vanishing Q5 charge is:
The general (Q5 = 0) solution
ds2 = ηabdx
adxb + e−2σδµνdx
µdxν
σ = −K = ln [i (Z¯IFI − ZIF¯I)]
HI = i
(
FI − F¯I
)
, H˜I = i
(
ZI − Z¯I)
dzi
dr
= −e−σ2 ∇
iZ¯
r
dζ
dϕ
= q˜
dz i¯
dr
= −e−σ2 ∇
i¯Z
r
dζ˜
dϕ
= q. (5.70)
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Having set the solution in polar coordinates form, it becomes easier to check
whether or not it reduces to the universal hypermultiplet solution found in §5.2. We
set (h2,1 = 0) and make the gauge choice N00 = −i. The central charge becomes:
Z =
i√
2
(q + iq˜) , (5.71)
which, by integrating (5.66), gives σ = −2 lnH with (H = h + Z ln r). Also, by using
the definition of the complex axions χ and χ¯, we get exactly the results found before
in equations (5.15).
5.8 Switching on the gauge field
Let us examine the effects a nonvanishing Q5 charge would have on our solution.
This situation may possibly have the geometrical interpretation of wrapping particular
configurations of both M2 and M5-branes [94]. We will only discuss this generally,
without making any ansatz on the explicit structure of the 3-form Aabc. Because of
their relative simplicity compared to the equations of motion, we will look at the
SUSY equations only.
The only terms affected by a nonvanishing Q5 will be the v and v¯ expressions in
(4.33), i.e.
vµ =
1
2
(∂µσ) +
i
2
e−σJ5µ
v¯µ =
1
2
(∂µσ)− i
2
e−σJ5µ
vµ − v¯µ = iJ5µ. (5.72)
Considering the gravitino equations (4.32), the first thing we note is that, from
(δψra = 0), the metric exponent A remains zero. Equation
(
δψrµ = 0
)
will be adjusted
97
by a term proportional to (vµ − v¯µ). This new term may be considered to cancel with
the Rµ term, without affecting the B exponent of the metric, giving:
Rµ =
Z¯INIJ
(
∂µZ
J
)− ZINIJ (∂µZ¯J)
Z¯INIJZJ
= 2ie−σJ5µ, (5.73)
i.e. the U(1) Ka¨hler connection no longer vanishes.
The significant difference between this solution and the one with vanishing Q5
becomes apparent when we look at the hyperino transformations. Equations (5.46)
remain unchanged, while (5.45) become:
(∂µσ) + 2e
σ
2
[
LI (∂µHI)−MI(∂µH˜I)
]
=
i
2
e−σJ5µ
(∂µσ)− 2eσ2
[
L¯I (∂µHI)− M¯I(∂µH˜I)
]
= − i
2
e−σJ5µ. (5.74)
Now, repeating the arguments of the previous section, we get:
dσ
dr
+ 2e
σ
2
Z
r
=
i
2
e−σ
r
δµνxµJ
5
ν
dσ
dr
+ 2e
σ
2
Z¯
r
= − i
2
e−σ
r
δµνxµJ
5
ν . (5.75)
Adding and subtracting, we get the dilaton’s new equation:
dσ
dr
= −2e
σ
2
r
(
Z + Z¯
)
. (5.76)
as well as (
Z − Z¯) = i
2
e−
3
2
σδµνJ5µxν . (5.77)
We note once again that we are by no means exhaustively describing the case
A 6= 0, but rather just some of its properties. In order for this to be considered a
proper solution, one needs to specify the 3-form gauge field, whose dual scalar field a
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(the universal axion) will in turn define the current J5µ, then proceed to solve for the
rest of the fields.
We have managed to find the most general 2-brane solution coupled to the hy-
permultiplets of five dimensional N = 2 supergravity (5.70). The special geometry
of the theory and its symplectic invariance provide for a very interesting and rich
structure. We propose that this solution is, to first order, a dimensional reduction
of a M5-brane over SLAG cycles of a CY 3-fold, deforming the moduli of the CY’s
complex structure. This would be a generalization of the solution we found in §3.3.
We have also found special case solutions representing M2 and M5 brane wrappings
over SLAG cycles of a CY, with only the universal hypermultiplet excited - (5.26)
and (5.15) respectively. Finally, we briefly outlined some of the major properties of
an even more general 2-brane solution with hypermultiplets that has the geometrical
interpretation of wrapping both M2 and M5 branes down to D = 5 (§5.8).
5.9 Back to eleven dimensions?
The lifting of the five dimensional solution (5.70) is expected to yield a general
eleven dimensional solution representing a M5-brane wrapped over a SLAG calibrated
surface. During the writing of this dissertation, such a D = 11 solution was proposed
by Martelli and Sparks (henceforth referred to as MS) using completely different
means [104]. This solution, however, does not dimensionally reduce to the five di-
mensional result (5.70).
The MS result has the following metric:
ds2 = e2∆ηabdx
adxb + e2∆kijdx
idxj + e−4∆δαβdx
αdxβ
a, b = 0, 1, 2 i, j = 1, . . . , 6 α, β = 1, 2. (5.78)
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On the other hand, the D = 11 metric we find by the lifting of the D = 5 metric
(5.57) via (4.2) is:
ds2 = e
2
3
σηabdx
adxb + e−
σ
3 kijdx
idxj + e−
4
3
σδαβdx
αdxβ
a, b = 0, 1, 2 i, j = 1, . . . , 6 α, β = 1, 2. (5.79)
Note that with the identification eσ = H−2, and demanding kij to be Hermitian,
(5.79) reduces to the special case metric (3.28) we found earlier.
Now the MS variable ∆ is not related in any simple way to our σ. Hence the MS
metric (5.78) is not related to ours (5.79) by a conformal scaling, and as such does
not seem to be correct. Initial investigation into supersymmetry also confirms this.
The MS 4-form field strength
F = −e−6∆d (e6∆ReΩ) (5.80)
also does not seem to satisfy the SUSY equations, neither does it reduce to the correct
hypermultiplet fields in five dimensions.
On the other hand, the lifting of the hypermultiplet fields seems to give the fol-
lowing components of the field strength
Fµmnp = ∓ 1√
2
e−σ/2ε¯ νµ (∂νσ) Ωmnp ±
√
2e−σ/2ε¯ νµ (∂νΩmnp)
Fµmnp¯ = ∓ 1√
2
e−σ/2ε¯ νµ (∂νσ) Ωmnp¯ ±
√
2e−σ/2ε¯ νµ (∂νΩmnp¯) . (5.81)
This reduces to the correct hypermultiplet fields in five dimensions, while similar
components from the MS result (5.80) do not. To show this, recall the compactifica-
tion argument of chapter (4) and rewrite (5.81) as follows
Fµ = ∓ 1√
2
e−σ/2ε¯ νµ (∂νσ) Ω∓
1√
2
e−σ/2ε¯ νµ (∂νσ) Ω¯
±
√
2e−σ/2ε¯ νµ
(
∂νz
i
)
(∇iΩ)±
√
2e−σ/2ε¯ νµ (∂νz
i¯)
(∇i¯Ω¯) , (5.82)
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where we have used Kodaira’s theorem (A.33). Comparing this with the original form
of Fµ (4.31), we can write the following relations between σ, (z, z¯) and the axions
(ζ, ζ˜):
ε¯ νµ (∂νσ) = ±i2eσ/2
[
(∂µζ
I)MI + (∂µζ˜I)L
I
]
ε¯ νµ
(
∂νz
i
)
= ∓ieσ/2Gij¯
[
hj¯I(∂µζ
I) + f Ij¯ (∂µζ˜I)
]
. (5.83)
Using the explicit form of the axions in terms of the harmonic functions (5.60),
we retrieve the dilaton and moduli equations (5.70) exactly.
The components (5.81) do not represent a complete description of the D = 11 field
strength. Other components, such as Fqm¯n¯p¯ are still missing. As far as the dimensional
reduction is concerned, those represent second order effects and are ignored. The full
eleven dimensional formulation is required to specify the missing components as well
as to verify (5.82). A guiding principle is that, based on (3.23), one would expect the
six form gauge potential to have a form similar to
Aabcmnp = ±
√
2eσ/2ε¯abcΩmnp
Aabcmnp¯ = ±
√
2eσ/2ε¯abcΩmnp¯. (5.84)
Further investigation is deferred to future research.
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CONCLUSION
The theory of calibrations was used to find BPS solutions to D = 11 supergrav-
ity representing localized M-brane intersections. Various special cases corresponding
to Ka¨hler calibrated submanifolds were found and shown to be in the form of the
Fayyazuddin-Smith metric [59]. We also found a certain special Lagrangian cali-
brated case, in the FS form as well, corresponding to intersecting M5-branes (§3.3).
The solutions have the alternate interpretation as M-branes wrapping supersym-
metric cycles of a Calabi-Yau 3-fold. This is demonstrated by studying the dimen-
sional reduction of D = 11 SUGRA and finding solutions representing the wrapping
of M-branes over SLAG cycles of a CY 3-fold with constant complex structure moduli.
These are five dimensional 2-branes coupled to the N = 2 universal hypermultiplet.
A more general 2-brane solution coupled to the full set of hypermultiplets was cal-
culated and shown to be magnetically dual to the instanton solutions of [81, 82].
The reduced theory has a rich structure involving the symplectically invariant special
Ka¨hler geometry, explained in terms of the topology of the Calabi-Yau manifold.
Several directions of research can follow from this work. For example, one can
proceed to further specify the general SLAG calibrated result and compare to the
seemingly different MS solution [104]. This may involve understanding the new tech-
nique they used and comparing it to our methods.
The MS paper also discusses a D = 11 solution representing M-branes wrapped
over a G2 calibrated submanifold. It would be interesting to verify this, then find and
study the corresponding reduced solutions. This case is of particular importance due
to the current interest in the literature in studying M-theory compactifications over
102
manifolds with G2 holonomy. The properties of such manifolds, particularly the lack
of an analogue to Yau’s theorem guaranteeing the existence of a metric, make it a
considerably more difficult problem to do generally. Particular choices of a G2 metric
must be used.
Finally, as remarked earlier, BPS solutions coupled to the N = 2 hypermultiplets
are lacking in the literature, compared to their vector multiplets counterparts, which
have been extensively studied. This is due to the notorious difficulty of dealing with
actions parametrized by quaternionic manifolds. Now, due to the c-map, it has been
shown that, at least in D = 5, these can be cast into the special geometric structure
traditionally associated with the vector multiplets sector [82]. This correspondence
allowed us to use the well understood structure of special geometry to find solutions
in the hypermultiplets sector. We propose further study in this direction, perhaps
even expanding the search into theories with higher supersymmetry.
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APPENDIX A
MANIFOLDS, FROM RIEMANN TO YAU
We review the properties of the various classes of complex manifolds referred to in
the body of the text. Starting with elementary definitions, we write down the various
properties with minimal mathematics, reporting only on those formulae which were
essential for our particular problem. For more detail, the reader is referred to the
literature (for example [3, 5, 32, 67, 105] and the references therein).
A.1 Ka¨hler Manifolds
We define the notion of a real 2k-dimensional manifold M as a set of points
that behaves locally like R2k, such that 2k real parameters (x1, . . . , xα, . . . , x2k) are
coordinates onM [148]1. Similarly, a complex q-dimensional manifold may be defined
as a set of points that behaves locally like Cq.
A Riemannian manifold is a manifold on which a smooth symmetric positive-
definite metric tensor gµν (x
α) can be defined, describing a line element on the man-
ifold. A manifold is called Lorentzian if its metric is Riemannian with a Lorentzian
signature2. From the metric, a Levi-Civita connection (a.k.a. Christoffel symbols),
the Riemann and Ricci tensors and the Ricci scalar may be defined in the usual way:
1The number of dimensions is chosen to be even because they will be complexified in a moment,
however, generally the dimensions of a manifold may also be odd.
2Which we take to be (−++ · · ·+) throughout.
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ds2 = gµνdx
µdxν
Γλµν =
1
2
gλκ [(∂µgνκ) + (∂νgµκ)− (∂κgµν)]
Rµνρ
σ =
(
∂νΓ
σ
µρ
)− (∂µΓσνρ)+ ΓαµρΓσαν − ΓανρΓσαµ
Rµν = Rµρν
ρ, R = Rµµ. (A.1)
Locally, one can complexify M as follows:
wα = xα + τ(α,α+k)x
α+k
w¯α = xα + τ¯(α,α+k)x
α+k = wα¯, (A.2)
i.e. Cq ∼ R2k, where the τ ’s are complex parameters that specify a complex structure
on the manifold (more on that later). We define wm to be a set of 2k complex
coordinates where the index runs through the k unbarred (holomorphic) indices, then
through the barred (antiholomorphic) indices. Reality of the line element is insured
by the conditions
gmn = gm¯n¯
gmn¯ = gnm¯. (A.3)
A Hermitian manifold is defined as a complex manifold where there is a preferred
class of coordinate systems such that
gmn = gm¯n¯ = 0. (A.4)
The line element becomes
ds2 = 2gmn¯dw
mdwn¯. (A.5)
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On any Hermitian manifold, a real 2-form can be defined as a (1,1) form as follows:
ω = igmn¯dw
m ∧ dwn¯. (A.6)
A Ka¨hler manifold is a Hermitian manifold whose 2-form is closed, i.e. dω = 0,
henceforth we will call ω the Ka¨hler form. This leads to the ‘curl-free’ condition:
∂mgnp¯ − ∂ngmp¯ = 0, (A.7)
which may equivalently be used as the definition of a Ka¨hler manifold. This implies
that, locally, the Ka¨hler metric can be determined in terms of a scalar function, known
as the Ka¨hler potential K(w, w¯), as follows:
gmn¯ = ∂m∂n¯K. (A.8)
Obviously, the metric is invariant under changes of the Ka¨hler potential of the form
K (w, w¯)→ K (w, w¯) + f (w) + h (w¯), known as the Ka¨hler gauge transformations.
The condition (A.7) simplifies the properties of the manifold considerably, for
example one finds that
Γrmn = g
rl¯ (∂mgnl¯) , Γ
r¯
m¯n¯ = g
lr¯ (∂m¯gn¯l) , (A.9)
are the only non-vanishing Christoffel symbols, indicating that parallel transport does
not mix the holomorphic with the antiholomorphic components of a vector.
And the non-vanishing components of the Ricci tensor are
Rmn¯ = ∂m∂n¯ ln g, where g = det gmn¯. (A.10)
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A.1.1 Global issues
Technically, the assumption that any real 2n-dimensional manifold can be made
into a complex manifold is only valid locally. Global considerations must be included
in order to properly decide if a given manifold is truly complex everywhere.
A key element to such considerations is the so called complex structure of the
manifold. Intuitively, it is nothing more than the formalization of multiplication by
i smoothly over the manifold, i.e. an operation on geometrical objects whose square
is minus the identity. A tensor J is called an almost complex structure if it satisfies
the condition:
J2 ∼ −1 : Jρµ (x)Jνρ (x) = −δνµ. (A.11)
If a manifoldM has a smooth almost complex structure, it is called an almost complex
manifold. An almost complex structure becomes a complex structure when its so
called Nijenhuis tensor
Nρµν = J
α
µ [(∂αJ
ρ
ν )− (∂νJρα)]− Jαν
[(
∂αJ
ρ
µ
)− (∂µJρα)] (A.12)
vanishes everywhere. This condition is achieved by demanding that different complex
structures on a manifold smoothly patch together.
So, any 2n-dimensional real manifold is locally complex (almost complex mani-
fold), but only globally so (complex manifold) when it admits a complex structure
with vanishing Nijenhuis tensor. This is analogous to the concept that any Rieman-
nian manifold is locally flat, but only globally so when the Riemann tensor vanishes
everywhere.
Now, an almost complex manifold is called almost Hermitian if there exists a
Riemannian metric gµν which satisfies the invariance:
JλµgλκJ
κ
ν = gµν . (A.13)
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And finally, an almost Hermitian manifold becomes almost Ka¨hler if the Ka¨hler
form is closed. All of these definitions lose the ‘almost’ part of their titles once the
Nijenhuis tensor is found to vanish everywhere.
Another point of global importance is the question of holonomy groups on a Ka¨hler
manifold [95]. If we consider a vector V µ on a n-fold and parallel transport it around
a closed loop, generally the vector will not return to itself, but rather rotated by an
element of GL(n,R). The subset of GL(n,R) defined in this way forms the holonomy
group of the manifold. The restricted holonomy group would be the subset defined
by paths which may be smoothly shrunk to a point (contractable loops). The clas-
sification of the restricted holonomy groups of all Riemannian manifolds has been
performed by Berger [25], which we list for completeness:
Berger’s theorem SupposeM is a simply-connected manifold of dimension n, and
that g is a Riemannian metric on M, then exactly seven restricted, or special,
holonomy cases are possible:
1. Generic Riemannian manifolds, Hol(g) = SO(n).
2. Ka¨hler manifolds, where n = 2m with m ≥ 2 and Hol(g) = U(m) ⊂
SO(2m).
3. Calabi-Yau manifolds, where n = 2m with m ≥ 2 and Hol(g) = SU(m) ⊂
SO(2m). These are also Ricci-flat.
4. HyperKa¨hler manifolds, where n = 4m withm ≥ 2 andHol(g) = Sp(m) ⊂
SO(4m).
5. Quaternionic Ka¨hler manifolds, where n = 4m with m ≥ 2 and Hol(g) =
Sp(m)⊗ Sp(1) ⊂ SO(4m).
6. Manifolds with n = 7 and Hol(g) = G2 ⊂ SO(7).
7. Manifolds with n = 8 and Hol(g) = Spin(7) ⊂ SO(8). The groups G2
and Spin(7) are exceptional holonomy groups.
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The list may also be understood in terms of the four division algebras in the
following way: It is well-known that one can define exactly four algebras where, for
two quantities w1 and w2, the property |w1w2| = |w1| |w2| is satisfied. These are the
real numbers R, the complex numbers C, the quaternions H and the octonions, or
Cayley numbers, O. The Berger list fits into this classification by noting that:
• SO(n) is a group of automorphisms of Rn.
• U(n) and SU(n) are groups of automorphisms of Cn.
• Sp(n) and Sp(n)⊗ Sp(1) are groups of automorphisms of Hn.
• G2 is the group of automorphisms of ImO ≈ R7.
• Spin(7) is a group of automorphisms of O ≈ R8.
It is interesting to note that all of the manifolds on Berger’s list have found ap-
plications in string theory. In addition to the usual use of Riemann manifolds with
Lorentzian signature to describe spacetime, one finds that supersymmetric theories
constrain certain fields to parameterize Ka¨hler, hyperKa¨hler and quaternionic mani-
folds. Calabi-Yau, G2 and Spin(7)-holonomy manifolds are all considered as possible
candidates for string/M-theory compactifications.
A.2 A bit of differential geometry
We recall that, given a Riemannian manifoldM, with a metric gµν , one can define
the veilbeins e, the connection 1-form ω (a.k.a. spin connection) in the following way:
ds2 = gµνdx
µdxν = eaˆηaˆcˆe
cˆ ; eaˆ = eaˆµdx
µ (A.14)
ω aˆcˆµ = e
aˆλ
[(
∂µe
cˆ
λ
)− Γνµλecˆ ν] ; ωaˆbˆ = ω aˆbˆµ dxµ, (A.15)
109
such that the so called Cartan structure equations define the torsion and curvature
2-forms:
T aˆ = deaˆ + ωaˆcˆ ∧ ecˆ = 0
Ωaˆcˆ = dω
aˆ
cˆ + ω
aˆ
bˆ
∧ ωbˆ cˆ, (A.16)
where the hated indices are raised and lowered by the Minkowski metric ηaˆcˆ, describing
a flat space tangent to each point on the curved spacetime manifold. They are also
sometimes referred to as ‘frame’ indices, as opposed to the spacetime ‘world’ indices.
Using this structure, one can define the so called total Chern form [120], which is
a polynomial in the curvature as follows:
C (Ω) = det
(
1 +
i
2π
Ω
)
= 1 + c1 (Ω) + c2 (Ω) + · · · . (A.17)
The terms cr are the Chern classes. They belong to topologically distinct coho-
mology classes. Integrals such as
∫
M
c2 (Ω) and
∫
M
c1 (Ω) ∧ c1 (Ω)
are invariant integers, usually called the Chern numbers.
The Chern classes are a very general and efficient way of classifying and distin-
guishing topologically inequivalent manifolds and fiber bundles. Although we have
not defined what a fiber bundle is, some important examples may be worth mention-
ing in this context since they represent familiar physical quantities. For instance, the
Chern classes reduce to the well-known Pontrjagin classes in the special case of vector
bundles, which are of main interest for the classification of topological solutions in the
standard model. The simplest examples are the first and second Pontrjagin classes
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for a pure electromagnetic field which give the energy density and Poynting vector.
Another familiar example is the case of a U(1) bundle of the Dirac monopole over S2.
Here the first Chern class is c1 (Ω) = −F/2π, where F is the electromagnetic field
strength. The corresponding Chern number exactly yields the monopole’s conserved
charge. For a SU(N) bundle,the second Chern number is the invariant
S = −1
2
∫
Tr (F ∧ ∗F ) = ∓1
2
∫
Tr (F ∧ F ) = 4π |C2| , (A.18)
where the case |C2| = 1 corresponds to the ’t Hooft instanton.
A.3 Hodge-Ka¨hler manifolds
The Chern classes can be used to topologically distinguish various types of man-
ifolds. Given the Ricci tensor Rmn¯ of a Ka¨hler manifold, we define the (1, 1) Ricci
form
R = Rmn¯dwm ∧ dwn¯. (A.19)
Since the Ricci form is necessarily closed; dR = 0, then it defines an equivalence
class in the homology group H1,1.
The first Chern class is simply:
c1 =
R
2π
. (A.20)
Consider a line bundle L over a Ka¨hler manifold. By definition, this is a holomor-
phic vector bundle of rank r = 1. If its first Chern class, defined in terms of a metric
on the bundle, equals the cohomology class of the manifold’s Ka¨hler form;
c1 (L) = [ω] , (A.21)
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then we call this a Hodge-Ka¨hler manifold [5]. It is particularly important to us,
since this is the type of manifold described by the complex structure moduli in D = 5
SUGRA.
An equivalent definition is that the exponential of the Ka¨hler potential of the
manifold is equal to the metric of the line bundle L. So, if a one-component real
function h (w, w¯) is the hermitian fiber metric on the line bundle L, then the manifold
is Hodge-Ka¨hler if we can write:
h (w, w¯) = eK(w,w¯), (A.22)
which clearly enables us to write:
c1 (L) = i
2π
∂∂¯ ln h. (A.23)
Since L is a line bundle, its connection (Christoffel symbol) is a 1-form defined by
h as follows
ϑ ≡ h−1 (∂h) = h−1 (∂mh) dwm , ϑ¯ ≡ h−1
(
∂¯h
)
= h−1 (∂n¯h) dw
n¯, (A.24)
which, by virtue of (A.22), becomes
ϑ = (∂K) = (∂mK) dwm , ϑ¯ =
(
∂¯K) = (∂n¯K) dwn¯. (A.25)
Now, it is known that there exists a correspondence between line bundles and
U(1) bundles. At the level of connections this reduces to
U(1) connection ≡ P = Imϑ = − i
2
(
ϑ− ϑ¯) , (A.26)
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which, in our case, becomes
P = − i
2
[(∂mK) dwm − (∂n¯K) dwn¯] , (A.27)
and the covariant derivatives can be constructed accordingly.
A.4 Calabi-Yau manifolds
In 1954 Calabi proposed the following conjecture: If M is a complex manifold
with a Ka¨hler metric and vanishing first Chern class, then there exists a unique Ricci
flat metric for each Ka¨hler class on M. In 1976, Calabi’s conjecture was proven by
Yau, also showing that a Ricci flat metric necessarily has SU(m) holonomy; m being
the number of complex dimensions. Henceforth, we will define Calabi-Yau manifolds
as Ka¨hler manifolds with Ricci flat (c1 = 0) metrics.
From its general properties, it turns out that a large number of different CY
manifolds exist. It also turns out that defining them explicitly is a nontrivial task.
Indeed, very few explicit CY metrics have ever been written down. However, the
properties of CY manifolds make it possible to work with them without explicit
knowledge of the metric, as far as string theory compactifications are concerned. We
will restrict ourselves to six dimensional CY manifolds admitting SU(3) holonomy,
since this is the type of interest to string theory in general and to this work in
particular.
The importance of this class of manifolds to physics lies in the fact that they
admit covariantly constant spinors. As a consequence, it can be shown [33] that
string theory compactifications over CY 3-folds preserve some supersymmetry (also
see [107] and the references therein). Such compactifications have indeed yielded
rich, physically interesting, theories in lower dimensions. For example, the scalar
fields in the compactified theory correspond to the parameters that describe possible
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deformations of the CY 3-fold. This parameters’ space factorizes, at least locally, into
a product manifold MC ⊗MK , with MC being the manifold of complex structures
andMK being a complexification of the parameters of the Ka¨hler class. These moduli
spaces turn out to be Ka¨hler manifolds of a restricted type, which we will describe in
detail later. In addition, there exists a symmetry in the structures of MC and MK
which lends support to the so called mirror symmetry hypothesis of CY 3-folds.
Calabi-Yau 3-folds have a cohomology groups structure that may be summed up
by the so called Hodge diamond:
1
0 0
0 h1,1 0
1 h1,2 h2,1 1
0 h1,1 0
0 0
1
(A.28)
where the Hodge numbers hp,q are the dimensions of the respective cohomology groups
the manifold admits3, so the diamond tells us that CY 3-folds have a single (3,0)
cohomology form; h3,0 = dim (H
3,0) = 1, which we will call Ω (the holomorphic
volume form) and an arbitrary number of (1,1) and (2,1) forms determined by the
corresponding h’s 4. The Hodge number h2,1 determines the dimensions of MC ,
while h1,1 determines the dimensions ofMK . The Ka¨hler form ω of a CY 3-foldM is
defined by (A.6). The pair (M, ω) can be deformed by either deforming the complex
structure ofM or by deforming the Ka¨hler form ω. In string compactifications, each
of these two choices yields a different set of fields in the lower dimensional theory.
3The equivalent to the Betti numbers for a real manifold.
4Whose values depend on the particular choice of CY manifold.
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A.4.1 The space MC of complex structure moduli
The way the (2,1) forms χ are linked to the complex structure deformations δgmn
and δgm¯n¯ is defined via the unique (3,0) form Ω as follows [32]:
δgp¯r¯ = − 1|Ω|2Ωp¯
mnχi|mnr¯δz
i ; |Ω|2 ≡ 1
3!
ΩmnpΩ¯
mnp, (A.29)
with the inverse relation
χi|mnp¯ = −1
2
Ωmn
r¯
(
∂gp¯r¯
∂zi
)
; χi =
1
2
χi|mnp¯dw
m ∧ dwn ∧ dwp¯, (A.30)
where (zi : i = 1, . . . , h2,1) are the parameters, or moduli, of the complex structure.
Each χi defines a (2,1) cohomology class. An important observation is that the moduli
can be treated as complex coordinates that define a Ka¨hler manifoldMC of their own,
with metric Gij¯ defined by
2Gij¯
(
δzi
) (
δzj¯
)
≡ 1
2VCY
∫
d6x
√
ggmn¯grp¯ (δgmr) (δgn¯p¯), (A.31)
where VCY is the volume of the real space CY 3-fold. In differential geometric nota-
tion, we can write
Gij¯ = −
∫
χi ∧ χ¯j¯∫
Ω ∧ Ω¯ = ∂i∂j¯KC = −∂i∂j¯ ln
(
i
∫
Ω ∧ Ω¯
)
(A.32)
which also defines its Ka¨hler potential KC [32]. A particularly useful theorem, at-
tributed to Kodaira (see [142]), states that
(∂iΩ) = kiΩ+ χi, (A.33)
where the coefficients ki may depend on the moduli.
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The spaceMC of complex structures may be described in terms of the periods of
the holomorphic 3-form Ω. Let
(
AI , BI
)
, where I, J,K = 0, . . . , h2,1, be a canonical
homology basis for H3 and let
(
αI , β
I
)
be the dual cohomology basis forms such that
∫
αI∧βJ =
∫
AJ
αI = δ
J
I ,
∫
βI ∧ αJ =
∫
BJ
βI = −δIJ ,
∫
αI∧αJ =
∫
βI ∧ βJ = 0. (A.34)
The periods of Ω are defined by
ZI =
∫
AI
Ω, FI =
∫
BI
Ω. (A.35)
Based on the periods, we also define the matrix:
̟ ≡

 ∫
AJ
(∂IΩ),
∫
BJ
(∂IΩ)

 . (A.36)
Now, given a particular choice of basis, it can be shown that this matrix may be
written as
̟ = (1,NIJ) . (A.37)
In the early literature, the matrix ̟ was known as the period matrix. However,
it is NIJ that appears in supersymmetric actions, therefore the title ‘period matrix’
has been transferred to NIJ in the more recent literature, and we will follow this
convention here.
Now, it can be shown that, locally in the moduli space, the complex structure
is entirely determined by ZI , so one can write FI = FI
(
ZJ
)
[28]. Also, a rescaling
ZI → λZI , where λ is a nonzero constant, corresponds to a rescaling of Ω that
does not change the complex structure, which implies that the Z’s are projective
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coordinates for the complex structure. In fact, we can choose a set of independent
‘special coordinates’ z as follows:
zI =
ZI
Z0
, (A.38)
which are identified with the complex structure moduli.
So, given the cohomology basis defined above, one can invert (A.35) as follows5
Ω = ZIαI − FIβI , (A.39)
and the Ka¨hler potential of MC becomes
KC = − ln
[
i
(
Z¯IFI − ZIF¯I
)]
. (A.40)
One final remark is that it is usually possible to define FI as being the derivative
with respect to ZI of a scalar function F known as the prepotential. In the early
days of string theory, this would have been the starting point of any CY compact-
ifications calculation, but since it is not always possible to write down this F , it is
more convenient and general to work without this assumption.
A.4.1.1 A simple example
To get a more intuitive understanding of the subject of moduli spaces, we consider
the simplest example of a Calabi-Yau manifold: the ordinary torus T 2 [24]. In this
case, there are two real periodic degrees of freedom x and y, such that:
x = x+R1, y = y +R2, (A.41)
5The significance of the minus sign will become apparent when we discuss the symplectic invari-
ance behind these expressions.
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corresponding to the H1 homology cycles A and B respectively. The cohomology
basis forms would then be:
α =
dx
R1
, β = − dy
R2∫
A
α = −
∫
B
β = 1 ,
∫
T 2
α ∧ β = 1, (A.42)
such that the volume form would be the holomorphic (1, 0)-form:
ΩT = dx+ idy = R1α− iR2β = Zα− Fβ
Z =
∫
A
ΩT = R1 , F =
∫
B
ΩT = iR2, (A.43)
and the period matrix is trivially:
̟ = (1, 0) , N = 0. (A.44)
A.4.2 The space MK of Ka¨hler moduli
The structure of the space defined by the parameters of the Ka¨hler deformations
class is quite analogous to the one already discussed in the last section. This is
presumably the result of the hypothesized mirror symmetry mentioned earlier [60],
where it is believed that for any given CY 3-fold, there exists a mirror manifold
where the properties of the complex structure and Ka¨hler classes switch positions6.
A detailed understanding of this symmetry is yet to be accomplished. One expected
consequence is the decoupling of the vector multiplets and hypermultiplets sectors in
N = 2 supersymmetric theories. In chapter (4), we explicitly demonstrate that this
indeed does occur.
6Basically, in a mirror symmetric manifold, an exchange of rows and columns in the Hodge
diamond (A.28) would occur.
118
On MK , the inner product of two (1,1) forms ρ and σ can be defined as follows
G (ρ, σ) =
1
2VCY
∫
ρ ∧ ⋆σ, (A.45)
in clear analogy with (A.32). As observed in [129], G (ρ, σ) may be written entirely
in terms of the cubic form
d (ρ, σ, τ ) ≡
∫
ρ ∧ σ ∧ τ , (A.46)
which defines the volume of the manifold in terms of the Ka¨hler form ω
VCY =
1
3!
d (ω, ω, ω) . (A.47)
As we did in the case of the (2,1) forms, let us choose a basis ei of the homology
class H2, where now i, j, k = 1, . . . , h1,1. One can then expand the forms in terms of
this basis, where the coefficients will play the role of the moduli zi. We will use the
same symbols to denote analogous parameters.
The metric of the space of the Ka¨hler moduli zi is defined in terms of the inner
product of the basis ei as follows
Gij¯ =
1
2
G
(
ei, ej¯
)
= −∂i∂j¯ ln d (ω, ω, ω) = −∂i∂j¯KK , (A.48)
meaning that it also parameterizes a Hodge-Ka¨hler manifold described by the coor-
dinates zi with the given Ka¨hler potential, which is basically the logarithm of the
volume of the CY manifold.
Once again, traditionally most authors on this subject would, at this point, define
the prepotential F in terms of the components of the cubic form d, otherwise known
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as the classical intersection numbers of the CY manifold. As we have noted before,
a prepotential does not always exist7, hence we will skip this step and instead make
the connection with physics (in chapter 4) via the special geometric structures that
arise in CY compactified theories, discussed in appendix B. Meanwhile, it is perhaps
worthwhile repeating the important observation that the restricted Ka¨hler manifolds
both deformation classes describe exhibit very much the same structure, despite the
fact that they represent different objects.
7Although it is worthwhile noting that a theory with no prepotential can, at least in principle,
be smoothly mapped to a theory with a prepotential via a symplectic rotation, which we will define
in appendix B.
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APPENDIX B
SPECIAL GEOMETRY
If one begins from ten dimensional type IIA string/supergravity theory or eleven
dimensional M/supergravity theory and compactifies over a six dimensional Calabi-
Yau manifold, we end up having just about the same structure; a N = 2 supersym-
metric theory in four or five dimensions, exhibiting the so called special geometry.
Historically, though, the constraints of special geometry have been derived based on
the requirements of supersymmetry in D = 4, 5 without reference to higher dimen-
sions.
Reducing the higher dimensional theories over a CY manifold, gives, in addition
to the gravity sector, two sets of fields: the vector multiplets and the hypermultiplets.
As noted elsewhere, these two sectors completely decouple from each other and one
may set one of them to zero consistently. The theory as a whole exhibits a symplectic
structure. We will begin this appendix by defining what that is, then proceed to
understand the special geometry that arises. The connection with the CY moduli
spaces defined in appendix A will become more apparent as we go along. Basically, the
scalar moduli of the CY define a geometry of a restricted type; special geometry, that
depends on the topological properties of the CY manifold. In turn, special geometry
determines the dynamics of the massless fields in the dimensionally reduced theory
[32].
Although we are mainly interested in the five dimensional theory with hypermul-
tiplets, we will spend some time developing the terminology of the four dimensional
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vector multiplet theory, since they are related by a smooth transformation known as
the c-map, as discussed elsewhere in this appendix.
The literature on special geometry is extensive. In addition to cited papers, other
reviews include [4, 34, 37, 38, 43, 45, 46, 116, 117].
B.1 Electric-magnetic duality and symplectic covariance
The symplectic structure characteristic of special geometry first arose in the study
of a supersymmetric collection of abelian vector fields [69]. Consider a general four
dimensional abelian theory of vector and scalar fields exhibiting covariance under a
group of duality rotations; a generalization of the electromagnetic duality of ordinary
Maxwell theory. Generally, we can have a set of n 1-form U(1) gauge fields, and a
similar number of scalar fields φ, such that we can write, as usual
AI ≡ AIµdxµ , F I = dAI = F Iµνdxµ ∧ dxν
F Iµν ≡
1
2
(
∂µA
I
ν − ∂νAIµ
)
⋆F I ≡ F˜ Iµνdxµ ∧ dxν ; F˜ I ≡
1
2
εµνρσF I|ρσ, (B.1)
where the indices (I, J,K) range over (1, . . . , n). The Lagrangian has the form
L = 1
2
[
γIJ (φ)F
I ∧ ⋆F J + θIJ (φ)F I ∧ F J
]
+
1
2
GIJ (φ)
(
∂µφ
I
) (
∂µφJ
)
, (B.2)
where the symmetric matrix γIJ(φ) is a generalization of the inverse of the square
of the coupling constant (1/g2) in ordinary gauge theories and the symmetric matrix
θIJ(φ) is a generalization of the theta-angle of QCD. The scalar fields φ define a
n-dimensional manifold Mφ with metric GIJ . This is the kind of bosonic structure
(we will neglect the fermionic terms for brevity) that the vector multiplets sector of
N = 2 supersymmetry theory exhibits.
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Now, if we define a formal operator j that has the effect of mapping a field strength
into its dual; (
jF I)
µν
= F˜ Iµν =
1
2
εµνρσF I|ρσ, (B.3)
then the Lagrangian can be recast in the matrix form (I,J indices suppressed):
L = FT (−γ ⊗ 1+ θ ⊗ j)F + 1
2
G (φ) (∂µφ) (∂
µφ) . (B.4)
Since the operator j satisfies j2 = −1, then its eigenvalues are ±i and we can
define the self-dual and antiself-dual matrices
F± = 1
2
(F ± ijF)
s.t. jF± = ∓iF±, (B.5)
and the φ-dependent symmetric matrix
N = θ − iγ
N¯ = θ + iγ (B.6)
which is either referred to as the kinetic matrix for obvious reasons, or the period
matrix because it is identified with (A.37). We can again rewrite the vector part of
the Lagrangian in the matrix form
L = i (F−T N¯F− − F+TNF+) . (B.7)
Finally, we define the new ‘conjugate momenta’ tensor
G˜I|µν ≡ 1
2
(
∂L
∂F Iµν
)
, (B.8)
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and note that its self-dual and antiself-dual forms can be written as
G+ = NF+, G− = N¯F−. (B.9)
Now the Bianchi identities and field equations of the Lagrangian L yield
(
∂µF˜ Iµν
)
= 0(
∂µG˜I|µν
)
= 0. (B.10)
In the presence of electric and magnetic sources, Gauss’ law gives the correspond-
ing charges ∫
S2
F = q˜ (magnetic) ,
∫
S2
G = q (electric). (B.11)
We note that these charges can be linked to the central charge of the supersym-
metry algebra as coefficients of the later’s symplectic expansion [151]. We discuss this
in more detail in chapter (5).
The equations of motion (B.10) suggest that if we introduce a 2n column vector
V ≡

 jF
jG

 (B.12)
we find that for any (2n×2n) matrix ∈ GL (2n,R), the general linear transformation

 jF
jG


′
=

 A B
C D



 jF
jG

 (B.13)
produces a new vector that still satisfies (B.10), i.e.
(∂V ) = 0 ⇔ (∂V ′) = 0. (B.14)
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The reader may recognize this as a generalization of electric-magnetic duality in
Maxwell-Dirac theory (Maxwell theory with magnetic currents).
Rewriting in terms of the self-dual and antiself-dual formulation, the duality ro-
tation (B.13) is recast into

 F+
G+


′
=

 A B
C D



 F+
NF+



 F−
G−


′
=

 A B
C D



 F−
N¯F−

 (B.15)
Now, we demand that the transformation rule (B.15) of G± be consistent with
the definition (B.8). This constraint restricts the form of the transformation matrix
Λ, and a straightforward calculation shows that it cannot be any general GL matrix,
but must belong to the so called symplectic group
Λ ≡

 A B
C D

 ∈ Sp(2n,R) ⊂ GL(2n,R), (B.16)
defined as the group of (2n× 2n) matrices that leave the symplectic matrix
Ω =

 0 1
−1 0

 (B.17)
invariant, i.e.
ΛTΩΛ = Ω. (B.18)
So when we say a theory has symplectic structure, we mean that a family of
Lagrangians exist such that they differ from each other by the symplectic duality
rotation (B.15).
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Finally, we note that in general we can relax the condition that the matrix Λ should
be real and find that it must then belong to the complex symplectic group Sp(2n,C).
Furthermore, it is a known group-theoretic result that the following isomorphism is
true
Sp(2n,R) ∼ Usp(n, n)
Usp(n, n) ≡ Sp(2n,C) ∩ U(n, n), (B.19)
where Usp(n, n) is the group of unitary symplectic matrices S that satisfy both the
following relations
STΩS = Ω , S†HS = H (B.20)
simultaneously, where
H =

 1 0
0 −1

 . (B.21)
B.2 Special Ka¨hler geometry; a general discussion
At this point, we present a general discussion of what a special Ka¨hler manifold
is. Recall that a Hodge-Ka¨hler manifold is defined as a Ka¨hler manifold with a line
bundle L whose first Chern class equals the cohomology class of the Ka¨hler 2-form
(A.21). Now consider a Hodge-Ka¨hler manifold with an additional vector bundle V,
as demanded by N = 2 supersymmetry. The bundle V is constrained to have the
symplectic structure discussed in the previous section. One says that a (local)1 special
Ka¨hler manifold is a Ka¨hler manifold with a tensor bundle H = V ⊗ L.
In 1979, Zumino discovered that the self-interaction of supersymmetric multiplets
in the Wess-Zumino model is governed by Ka¨hler geometry [153], which means that
1We are generally ignoring the rigid SUSY case, which would result in the so called rigid special
Ka¨hler manifold.
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one can define a Ka¨hler metric that appears in the Lagrangian in the same way GIJ
does in (B.2). This was found to be a property of all N = 2 supersymmetric theories,
and, in fact, may be generalized to N > 2 by adding more fields. Such Lagrangians
are the result of compactifications over Calabi-Yau 3-folds (or can be thought of as
such, since this is not how they were originally discovered) resulting into two sets of
bosonic fields, corresponding to the two deformation classes, as discussed in the first
appendix.
So, to make the connection to CY 3-folds clearer, we note that we can identify the
scalar fields φ of the last section with the moduli z and z¯ from appendix A, which can
be either the complex structure moduli or the Ka¨hler moduli. The symplectic struc-
ture is the same even though the scalar field is now complex. Comparing equations
(A.22) and (A.40), we make the following identification
h (w, w¯) = −i (Z¯IFI − ZIF¯I), (B.22)
and proceed to define the rest of the parameters in view of their symplectic properties.
Since there are two classes of CY 3-fold deformations, we will discuss the one that
results in the set of fields known as the vector multiplets first, associated with the
special Ka¨hler geometry. Following that, we will discuss the hypermultiplets sector,
associated with quaternionic geometry. We also note that the discussion so far has
been restricted to the N = 2 theory in four spacetime dimensions. The reason is that
the five dimensional theory is related to the four dimensional theory via compactifica-
tion over a circle S1 (the c-map). This maps the quaternionic hypermultiplet sector
in D = 5 to the special Ka¨hler vector multiplet sector in D = 4. Hence one can write
the D = 5 theory with hypermultiplets using special Ka¨hler parameters, specifically
the components of the period matrix N .
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B.3 Special Ka¨hler geometry; the details
A special Ka¨hler manifold is a Ka¨hler manifold with a tensor bundle H. There
are, in fact, two types of special Ka¨hler manifolds; the local and the rigid. The
rigid manifold arises in globally supersymmetric Yang-Mills theories, defined by the
moduli of certain Riemannian manifolds, while the local manifold arises in the locally
supersymmetric gravity theories (i.e. supergravity), defined by the moduli of Calabi-
Yau manifolds. Since the later is our main interest, we will not discuss the rigid type
in any detail. Suffice to note that in the rigid case, the first Chern class of the manifold
actually vanishes, hence the line bundle is flat. At the level of the Lagrangian this
reflects into a different behavior of the fermionic fields. A special Ka¨hler manifold
is local if the line bundle L is non-flat and can be identified with U(1) as discussed
earlier.
We find that the number of vector multiplets in the theory, previously denoted
by n, is actually equal to 2(h1,1 + 1). We proceed by defining a typical holomorphic
section of the H = U(1)⊗ Sp(2h1,1 + 2,R) bundle:
Λ =

 ZI
FJ

 . (B.23)
The choice of notation is no accident, these are exactly the periods of the unique
CY (3,0) volume form Ω defined in appendix A, now written as a section of H. That
is why, in the literature, the section Λ is sometimes called the period vector. We
define the hermitian metric on H:
i 〈Λ| Λ¯〉 ≡ −iΛT

 0 1
−1 0

 Λ¯ (B.24)
which appears explicitly in (B.22). Hence the resulting Ka¨hler form is
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ω =
i
2π
∂∂¯ ln
(
i 〈Λ| Λ¯〉) . (B.25)
Furthermore, we define the symplectic vector V by properly normalizing Λ:
V =

 LI
MJ

 ≡ eK/2

 ZI
FJ

 (B.26)
such that we immediately find that L and M define a complete symplectic basis with
an inner product
i 〈V | V¯ 〉 = i (L¯IMI − LIM¯I) = 1. (B.27)
It also follows that we can define a covariant derivative, using the Ka¨hler connec-
tion (A.25) such that
∇i¯V =
[
∂i¯ −
1
2
(∂i¯K)
]
V = 0, (B.28)
whereas an orthogonal quantity may be defined by
∇iV =
[
∂i − 1
2
(∂iK)
]
V = Ui ≡

 f Ii
hJ |i

 6= 0, (B.29)
such that
〈V | Ui〉 = 〈V | Ui¯〉 = 0. (B.30)
Using these definitions, one can reintroduce the period matrix via
NIJLJ = MI , NIJfJi = hI|i. (B.31)
The following relations can be derived given the above structure and are particu-
larly useful in calculations:
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(
ImN IJ)−1 = −γIJ = −2(Gij¯f Ii fJj¯ + LI L¯J) (B.32)(∇j¯f Ii ) = Gij¯LI , (∇j¯hiI) = Gij¯MI (B.33)
ImNIJLIL¯J = −γIJLI L¯J = −1
2
Gij¯ = −2f Ii ImNIJfJj¯ = 2f Ii γIJfJj¯ , (B.34)
where the last formula in particular implies that the imaginary part of the period
matrix (ImN = −γ) acts as a metric to raise and lower the (I, J,K) indices, and that
f is the veilbein that relates it to the special Ka¨hler metric G similar to (A.14).
In summary, it appears that the periods F and Z of the Calabi-Yau 3-fold’s homol-
ogy cycles define a special Ka¨hler manifold with a symplectically covariant structure.
And if one recognizes that the F ’s are dependent on the Z’s and that Z0 is not linearly
independent of the rest, we can define the special Ka¨hler manifold using the moduli z
as special coordinates. The fact that, via the c-map, this four dimensional structure
corresponds to the quaternionic structure of the five dimensional theory, allows us to
write the D = 5 hypermultiplets sector in terms of the special Ka¨hler parameters of
the D = 4 vector multiplets sector.
B.4 Hypergeometry
We have actually finished developing the technology needed for our purposes, but
for the sake of completeness, we now turn to the four dimensional hypermultiplets
sector, which is related to the five dimensional vector multiplets sector via the so
called r-map. The geometry described by the Hodge-Ka¨hler manifold in this case
is hypergeometric, which in the rigid case exhibits the geometry of the so called
hyperKa¨hler manifolds, which we will not discuss. In the local case, we find that it
describes a quaternionic manifold. The dimension of the manifold is 4n, where n is
now the number of hypermultiplets and is equal to (h2,1 + 1).
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We will discuss the general structure of a quaternionic manifold in this section,
and we will end up by writing down the bosonic action of a theory that exhibits both
vector and hypermultiplets.
Define a 4n-dimensional quaternionic real manifold with the metric
ds2 = huv (q) dq
udqv,
u, v = 1, . . . , 4n. (B.35)
It turns out that such a manifold has three complex structures on it, i.e. three
different ways of defining an operation whose square is −1. We denote those by Jx
where x = 1, 2, 3. The complex structures must satisfy the quaternionic algebra
JxJy = −δxy1+ ε¯xyzJz. (B.36)
It follows that we can construct three 2-forms which we call the hyperKa¨hler forms
ωx = ωxuvdq
u ∧ dqv,
ωxuv = huw (J
x)wv , (B.37)
generalizing the concept of a Ka¨hler form. The hyperKa¨hler forms follow a SU(2)
Lie-algebra, in the same way the ordinary Ka¨hler form follows a U(1) Lie-algebra.
In the special Ka¨hler case, we managed to identify the Ka¨hler 2-form with the
curvature of a line bundle on a Hodge-Ka¨hler manifold, here we can follow similar
steps that leads us into defining the quaternionic manifold as a Hodge-Ka¨hler manifold
with a non-flat SU(2) line bundle on it. If the SU -bundle is flat, we get a HyperKa¨hler
(rigid) manifold.
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We end this section by writing down the general form of the bosonic SUGRA
Lagrangian of the (ungauged) N = 2 supersymmetric theory:
L4 =
√−g
[
R (g)− huv (q) (∇µqu) (∇µqv)−Gij¯ (z, z¯) (∇µzi)(∇µzj¯)
− i (N¯IJF−Iµν F−Jµν −NIJF+Iµν F+Jµν)] , (B.38)
where the complex fields z are the Ka¨hler moduli spanning a special Ka¨hler manifold
and the real fields q include the complex structure moduli spanning a quaternionic
manifold. G and h are the metrics of these manifolds respectively. The complete
Lagrangian with fermionic fields and terms due to gauging with the full set of SUSY
transformations may be found in [5].
B.5 The c-map
The matter fields in supergravity theory are constrained by supersymmetry to
describe certain manifolds. For example, in D = 3 N = 4 SUGRA, the multiplets
decouple into two quaternionic manifolds. In D = 4 N = 2 SUGRA (which we
discussed in detail in this appendix) we find that the scalars of the vector multiplets
sector describe a special Ka¨hler manifold, while those of the hypermultiplets describe
a quaternionic manifold. Now since one can get the three dimensional theory by
wrapping the four dimensional one over a circle, we find that both the D = 4 special
Ka¨hler and quaternionic manifolds map into D = 3 quaternionic manifolds.
Our case of interest is the five dimensional theory. In this case, the vector multi-
plets are described by the so called very special real manifold, which, upon compact-
ification, maps to the D = 4 quaternionic manifold. This is the r-map:
R
r−→ C. (B.39)
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The hypermultiplets sector is defined by a quaternionic manifold, which, upon
compactification, maps to the D = 4 special Ka¨hler manifold. This is the c-map:
C
c−→ H. (B.40)
For more detail on this subject, one is referred to, for example, [43, 46, 117], and
for an explicit calculation see [63]. For our purposes, we show in chapter (4) that
direct compactification of D = 11 SUGRA over a CY 3-fold, ignoring the vector
multiplets, yields the set of scalar fields known as the hypermultiplets,which can be
naturally written in terms of the symplectic special Ka¨hler parameters defined for the
four dimensional vector multiplets. We also show that writing the fields in a certain
form immediately yields a quaternionic structure analogous to the one discussed in
§B.4.
133
BIBLIOGRAPHY
[1] B. Acharya, J. Figueroa-O’Farill, and B. Spence. “Branes at angles and cali-
brated geometry”. JHEP, (9804):12, 1998.
[2] B. Acharya, J. Figueroa-O’Farill, and S. Stanciu. “Planes, branes and auto-
morphisms II: Branes in motion”. JHEP, (9807):5, 1998.
[3] L. Alvarez-Gaume´ and D. Z. Freedman. “A simple introduction to complex
manifolds”. Lecture notes, 1980.
[4] L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara, and P. Fre´.
“General matter coupled N = 2 supergravity”. hep-th/9603004, Nucl. Phys.
B, (476):397–417, 1996.
[5] L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara, P. Fre´, and
T. Magri. “N = 2 supergravity and N = 2 Yang-Mills theory on general scalar
manifolds”. hep-th/9605032, J. Geom. Phys. 23, (4):111–189, 1997.
[6] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali. “New Dimen-
sions at a Millimeter to a Fermi and Superstrings at a TeV”. hep-ph/9804398,
Phys. Lett. B, (436):257–263, 1998.
[7] I. Antoniadis, S. Ferrara, and T. R. Taylor. “N = 2 heterotic superstring and its
dual theory in five dimensions”. hep-th/9511108, Nucl. Phys. B, (460):489–505,
1996.
[8] N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali. “The Hierarchy Problem
and New Dimensions at a Millimeter”. hep-ph/9803315, Phys. Lett. B, (429):
263–272, 1998.
[9] N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali. “Phenomenology, Astro-
physics and Cosmology of Theories with Sub-Millimeter Dimensions and TeV
Scale Quantum Gravity”. hep-ph/9807344, Phys. Rev. D, (59):086004, 1999.
[10] P. S. Aspinwall. “Compactification, geometry and duality: N = 2”. hep-
th/0001001, Boulder 1999, Strings, branes and gravity, (1):723–805, 2000.
[11] M. A. Awada, M. J. Duff, and C. Pope. “N = 8 supergravity breaks down to
N = 1”. Phys. Rev. Lett., (50):294, 1983.
[12] J. Bagger. “Supersymmetric Sigma Models”. Lectures given at Bonn-NATO
Advanced Study Inst. on Supersymmetry, Bonn, West Germany, August 1984.
134
[13] J. Bagger and E. Witten. “Matter couplings in N = 2 supergravity”. Nucl.
Phys. B, (222):1–10, 1983.
[14] T. Banks, W. Fischler, S. Shenker, and L. Susskind. “M theory as a matrix
model: A conjecture”. hep-th/9610043, Phys. Rev. D, (55):5112–5128, 1997.
[15] K. Becker, M. Becker, D. Morrison, H. Ooguri, Y. Oz, and Z. Yin. “Super-
symmetric cycles in exceptional holonomy manifolds and Calabi-Yau 4-folds”.
Nucl. Phys. B, (480):225, 1996.
[16] K. Becker, M. Becker, and A. Strominger. “Fivebranes, membranes and non-
perturbative string theory”. Nucl. Phys. B, (456):130, 1995.
[17] K. Behrndt, G. L. Cardoso, B. de Wit, R. Kallosh, D. Lu¨st, and T. Mohaupt.
“Classical and quantum N = 2 supersymmetric black holes”. hep-th/9610105,
Nucl. Phys. B, (488):236–260, 1997.
[18] K. Behrndt, G. L. Cardoso, B. de Wit, D. Lu¨st, T. Mohaupt, and W. A. Sabra.
“Higher-order black-hole solutions in N = 2 supergravity and Calabi-Yau string
backgrounds”. hep-th/9801081, Phys. Lett. B, (429):289–296, 1998.
[19] K. Behrndt, M. Cvetic˘, and W. A. Sabra. “The entropy of near-extreme N = 2
black holes”. hep-th/9712221, Phys. Rev. D, (58):084018, 1998.
[20] K. Behrndt, I. Gaida, D. Lu¨st, S. Mahapatra, and T. Mohaupt. “From type IIA
black holes to T-dual type IIB D-instantons in N = 2, D = 4 supergravity”.
hep-th/9706096, Nucl. Phys. B, (508):659–699, 1997.
[21] K. Behrndt and W. A. Sabra. “Static N = 2 black holes for quadratic prepo-
tentials”. hep-th/9702010, Phys. Lett. B, (401):258–262, 1997.
[22] J. Bekenstein. “Black holes and entropy”. Phys. Rev. D, (7):2333–2346, 1973.
[23] J. Bekenstein. “Generalized second law of thermodynamics in black hole
physics”. Phy. Rev. D, (9):3292–3300, 1974.
[24] J. G. Bellido and R. Rabada´n. “Complex structure moduli stability in toroidal
compactifications”. hep-th/0203247, ICTP Trieste Conference on Physical and
Mathematical Implications of Mirror Symmetry in String Theory, Trieste, Italy,
June 1995.
[25] M. Berger. “Sur les groupes d’holonomie homoge`ne des varie´te´s a` connexion
affine et des varie´te´s riemanniennes”. Bull. Soc. Math. France, (83):225–238,
1955.
[26] E. Bergshoeff, M. de Roo, and S. Panda. “Four-dimensional high branes as
intersecting D-branes”. hep-th/9609056, Phys. Lett. B, (390):143–147, 1997.
135
[27] M. Bodner, A. C. Cadavid, and S. Ferrara. “(2, 2) vacuum configurations for
type IIA superstrings; N = 2 supergravity Lagrangians and algebraic geome-
try”. Class. Quant. Grav., (8):789–807, 1991.
[28] R. Bryant and P.Griffiths. Proceedings. Progress in Mathematics, (36):77, 1983.
[29] A. C. Cadavid, A. Ceresole, R. D’Auria, and S. Ferrara. “11-dimensional super-
gravity compactified on Calabi-Yau threefolds”. hep-th/9506144, Phys. Lett. B,
(357):300–306, 1995.
[30] C. Callan, J. Harvey, and A. Strominger. “Worldbrane actions for string soli-
tons”. Nucl. Phys. B, (367):60–82, 1991.
[31] C. Callan and J. Maldacena. “D-brane approach to black hole quantum me-
chanics”. Nucl. Phys. B, (472):591–610, 1996.
[32] P. Candelas and X. C. de la Ossa. “Moduli space of Calabi-Yau manifolds”.
Nucl. Phys. B, (355):455–481, 1991.
[33] P. Candelas, G. T. Horowitz, A. Strominger, and E. Witten. “Superstring
phenomenology”. PRINT-85-0512 (IAS,Princeton), 1985.
[34] A. Ceresole, R. D’Auria, and S. Ferrara. “The symplectic structure of N = 2
supergravity and its central extension”. hep-th/9509160, Nucl. Phys. Proc.
Suppl., (46):67–74, 1996.
[35] H. Cho, M. Emam, D. Kastor, and J. Traschen. “Calibrations and Fayyazuddin-
Smith spacetimes”. hep-th/0009062, Phys. Rev. D, (63):064003, 2001.
[36] A. Chou, R. Kallosh, J. Rahmfeld, S. J. Rey, M. Shmakova, and W. K. Wong.
“Critical points and phase transitions in 5D compactifications of M-theory”.
hep-th/9704142, Nucl. Phys. B, (508):147–180, 1997.
[37] B. Craps, F. Roose, W. Troost, and A. V. Proeyen. “The definitions of special
Ka¨hler geometry”. hep-th/9606073, Sakharov Conference, pages 390–395, 1996.
[38] B. Craps, F. Roose, W. Troost, and A. V. Proeyen. “What is special Ka¨hler
geometry?”. hep-th/9703082, Nucl. Phys. B, (503):565–613, 1997.
[39] E. Cremmer, B. Julia, and J. Scherk. “Supergravity Theory in 11 Dimensions”.
Physics Letters 76B, (4):409–412, 1978.
[40] S. R. Das and S. D. Mathur. “Excitations of D strings, entropy and duality”.
Phys. Lett. B, (375):103–110, 1996.
[41] S. R. Das and S. D. Mathur. “The Quantum Physics of Black Holes: Results
from String Theory”. gr-qc/0105063, Ann. Rev. Nucl. Part. Sci., (50):153–206,
2000.
136
[42] J. de Boer. “String theory: an update”. hep-th/0210224, Nucl. Phys. Proc.
Suppl., (117):353–372, 2003.
[43] J. de Jaegher, B. de Wit, B. Kleijn, and S. Vandoren. “Special geometry in
hypermultiplets”. hep-th/9707262, Nucl. Phys. B, (514), 1998.
[44] B. de Wit, P. G. Lauwers, and A. V. Proeyen. “Lagrangians of N = 2 super-
gravity - matter systems”. Nucl. Phys. B, (255):569, 1985.
[45] B. de Wit and A. V. Proeyen. “Hidden symmetries, special geometry and
quaternionic manifolds”. hep-th/9310067, Int. J. Mod. Phys. D, (3):31–48, 1994.
[46] B. de Wit and A. V. Proeyen. “Isometries of special manifolds”. hep-
th/9505097, Meeting on Quaternionic Structures, Trieste, Italy, September
1994.
[47] B. de Witt, P. Fayet, and P. V. Nieuwenhuizen. “Supersymmetry and Super-
gravity ’84”. Proceedings of the Trieste Spring School 1984, World Scientific,
1984.
[48] F. Denef. “Atractors at weak gravity”. hep-th/9812049, Nucl. Phys. B, (547):
201–220, 1999.
[49] E. D’Hoker and D. Z. Freedman. “Supersymmetric Gauge Theories and the
AdS/CFT Correspondence”. hep-th/0201253, TASI, January 2002.
[50] R. Dick. “Brane worlds”. hep-th/0105320, Class. Quant. Grav., (18):R1–R24,
2001.
[51] M. Duff, G. Gibbons, and P. Townsend. “Macroscopic superstrings as interpo-
lating solitons”. hep-th/9405124, Phys. Rev. Lett. B, (332):321–328, 1994.
[52] M. Duff and K. Stelle. “Multi-membrane solutions of D = 11 supergravity”.
Phys. Lett., B(253):113, 1991.
[53] M. J. Duff. “State of the unification address”. hep-th/0012249, Int. J. Mod.
Phys. A16S1A, (1):77–91, 2001.
[54] M. J. Duff. “M-theory on manifolds of G2 holonomy: the first twenty years”.
hep-th/0201062, January 2002.
[55] M. J. Duff, B. E. W. Nilsson, and C. N. Pope. “Kaluza-Klein supergravity
and the seven sphere”. Supersymmetry and Supergravity 82, proceedings of the
Trieste conference, 1982.
[56] M. J. Duff, B. E. W. Nilsson, and C. N. Pope. “Spontaneous supersymmetry
breaking by the squashed seven-sphere”. Phys. Rev. Lett., (50):2043, 1983.
137
[57] J. Ellis and Z. Lalak. “Five-Dimensional Gauged Supergravity and Supersym-
metry Breaking in M Theory”. hep-th/9811133, Nucl. Phys. B, (559):71–91,
1999.
[58] M. Emam. “The time evolution of unstable nonabelian magnetic monopoles”.
M.Sc. thesis, Cairo University, 1997.
[59] A. Fayyazuddin and D. Smith. “Localized intersections of M5-branes and four-
dimensional superconformal field theories”. hep-th/9902210, JHEP, (9904):030,
1999.
[60] S. Ferrara. “Calabi-Yau moduli space, special geometry and mirror symmetry”.
Mod. Phys. Lett. A, (6):2175–2180, 1991.
[61] S. Ferrara, R. Kallosh, and A. Strominger. “N = 2 extremal black holes”.
hep-th/9508072, Phys. Rev. D, (52):5412–5416, 1995.
[62] S. Ferrara, R. R. Khuri, and R. Minasian. “M-theory on a Calabi-Yau manifold”.
hep-th/9602102, Phys. Lett. B, (375):81–88, 1996.
[63] S. Ferrara and S. Sabharwal. “Quaternionic manifolds for type IIA superstring
vacua of Calabi-Yau spaces”. Nucl. Phys. B, (332):317–332, 1990.
[64] R. P. Feynman, F. B. Moringo, and W. G. Wagner. “Feynman Lectures on
Gravitation”. Addison-Wesley, 1995.
[65] J. Figueroa-O’Farill and S. Stanciu. “Intersecting brane geometries”. J. Geom.
Phys., (35):99, 2000.
[66] S. Fo¨rste. “Strings, Branes and Extra Dimensions”. hep-th/0110055, Fortsch.
Phys., (50):221–403, 2002.
[67] P. Fre´. “Lectures on special Ka¨hler geometry and electric-magnetic duality
rotations”. hep-th/9512043, Nucl. Phys. Proc. Suppl. BC, (45):59–114, 1996.
[68] P. Fre´. “Supersymmetry and first order equations for extremal states:
monopoles, hyperinstantons, black-holes and p-branes”. hep-th/9701054, Nucl.
Phys. Proc. Suppl., (57):52–64, 1997.
[69] M. Gaillard and B. Zumino. “Duality rotations for interacting fields”. Nucl.
Phys. B, (193):221, 1981.
[70] J. Gauntlett, D. Kastor, and J. Traschen. “Overlapping branes in M-theory”.
Nucl. Phys. B, (478):544, 1996.
[71] J. Gauntlett, N. Lambert, and P. West. “Branes and calibrated geometries”.
Commun. Math. Phys., (202):571, 1999.
[72] G. Gibbons and C. Hull. “A Bogomol’nyi bound for general relativity and
solitons in N=2 supergravity”. Phys. Lett. B, (109):190, 1982.
138
[73] G. Gibbons and G. Papadopoulos. “Calibrations and intersecting branes”. hep-
th/9803163, Commun. Math. Phys., (202):593, 1999.
[74] G. Gibbons and P. Townsend. “Vacuum interpolation in supergravity via super
p-branes”. hep-th/9302049, Phys. Rev. Lett., (71):3754, 1993.
[75] A. Gomberoff, D. Kastor, D. Marolf, and J. Traschen. “Fully localized brane
intersections - The plot thickens”. hep-th/9905094, Phys. Rev. D, (61):024012,
2000.
[76] M. Green, J. Schwarz, and E. Witten. “Superstring Theory”, Vol 1,2. Cam-
bridge University Press, Cambridge University, UK, 1987.
[77] J. Gutowski. “Generalized Calibrations”. hep-th/9909096, Cargese 1999,
Progress in string theory and M-theory, (1):343–346, 1999.
[78] J. Gutowski and G. Papadopoulos. “AdS calibrations”. Phys. Lett. B, (462):
81, 1999.
[79] J. Gutowski, G. Papadopoulos, and P. Townsend. “Supersymmetry and Gen-
eralized Calibrations”. hep-th/9905156, Phys. Rev. D, (60):106006, 1999.
[80] M. Gutperle and W. A. Sabra. “A supersymmetric solution in N = 2 gauged
supergravity with the universal hypermultiplet”. hep-th/0104044, Phys. Lett.
B, (511):311–318, 2001.
[81] M. Gutperle and M. Spalin´ski. “Supergravity instantons and the universal
hypermultiplet”. hep-th/0005068, JHEP, (0006):37, 2000.
[82] M. Gutperle and M. Spalin´ski. “Supergravity instantons for N = 2 hypermul-
tiplets”. hep-th/0010192, Nucl. Phys. B, (598):509–529, 2001.
[83] R. Gu¨ven. “Black p-brane solutions of D = 11 supergravity theory”. Phys.
Rev. Lett., B(276):49, 1992.
[84] R. Harvey and B. Lawson. “Calibrated geometries”. Acta. Math., (148):47,
1982.
[85] S. W. Hawking. “Particle Creation By Black Holes”. Commun. Math. Phys.,
(43):199, 1975.
[86] S. W. Hawking. “Black holes and thermodynamics”. Phys. Rev. D, (13):191,
1976.
[87] S. W. Hawking. “Cosmological event horizons, thermodynamics and particle
creation”. Phys. Rev. D, (15):2738–2751, 1977.
[88] S. W. Hawking. “The quantum mechanics of black holes”. Sci. Am., (236):
34–49, 1977.
139
[89] P. Horava and E. Witten. “Heterotic and Type I String Dynamics from Eleven
Dimensions”. hep-th/9510209, Nucl. Phys. B, (460):506–524, 1996.
[90] T. Z. Husain. “M2-branes wrapped on holomorphic curves”. hep-th/0211030,
JHEP, (0312):037, 2002.
[91] T. Z. Husain. “A Brane Teaser”. hep-th/0306248, June 2003.
[92] T. Z. Husain. “If I Only Had A Brane!”. hep-th/0304143, April 2003.
[93] T. Z. Husain. “That’s a wrap!”. hep-th/0302071, February 2003.
[94] J. Izquierdo, N. Lambert, G. Papadopoulos, and P. Townsend. “Dyonic mem-
branes”. Nucl. Phys. B, (460):560–578, 1996.
[95] D. Joyce. “Lectures on Calabi-Yau and special Lagrangian geometry”.
math.DG/0108088, August 2001.
[96] D. Kastor. “From wrapped M-branes to Calabi-Yau black holes and strings”.
hep-th/0305261, JHEP, (0307):040, 2003.
[97] D. Kastor and K. Z. Win. “Non-extreme Calabi-Yau black holes”. hep-
th/9705090, Phys. Lett. B, (411):33–38, 1997.
[98] A. Kaya. “A note on a relation between the Killing spinor and Einstein equa-
tions”. hep-th/9902010, Phys. Lett. B, (458):267–273, 1999.
[99] S. V. Ketov. “Quantum geometry of the universal hypermultiplet”. hep-
th/0111080, Fortsch. Phys., (50), 2002.
[100] A. Lukas, B. A. Ovrut, K. S. Stelle, and D. Waldram. “Heterotic M-theory in
five dimensions”. hep-th/9806051, Nucl. Phys. B, (552):246–290, 1999.
[101] S. Majumdar. “A class of exact solutions of Einstein’s field equations”. Phys.
Rev., (72):390–398, 1947.
[102] J. Maldacena and L. Susskind. “D-branes and fat black holes”. Nucl. Phys. B,
(475):679–690, 1996.
[103] J. M. Maldacena. “The Large N Limit of Superconformal Field Theories and
Supergravity”. hep-th/9711200, Int. J. Theor. Phys., (38):1113–1133, 1999.
[104] D. Martelli and J. Sparks. “G-Structures, Fluxes and Calibrations in M-
Theory”. hep-th/0306225, Phys. Rev. D, (68):085014, 2003.
[105] M. Nakahara. “Geometry, topology and physics”. Graduate student series in
physics, IOP publishing, 1990.
[106] G. Papadopoulos and A. Teschendorff. “Grassmannians, calibrations and five
brane intersections”. Class. Quant. Grav., (17):2641, 2000.
140
[107] G. Papadopoulos and P. K. Townsend. “Compactification of D = 11 supergrav-
ity on spaces of exceptional holonomy”. hep-th/9506150, Phys. Lett. B, (357):
300–306, 1995.
[108] G. Papadopoulos and P. K. Townsend. “Intersecting M-branes”. hep-
th/9603087, Phys. Lett. B, (380):273–279, 1996.
[109] A. Papapetrou. “A static solution of the equations of the gravitational field
for an arbitrary charge distribution”. Proc. Roy. Irish Acad. (Sect.A), (A51):
191–204, 1947.
[110] M. Pelath and R. Wald. “Comment on entropy bounds and the generalized
second law”. gr-qc/9901032, Phys. Rev. D, (60):104009, 1999.
[111] J. Polchinski. “Dirichlet branes and Ramond-Ramond charges”. hep-
th/9510017, Phys. Rev. Lett., (75):4724–4727, 1995.
[112] J. Polchinski. “String Theory”, Vol 1,2. Cambridge University Press, Cambridge
University, UK, 1998.
[113] J. Polchinski, S. Chaudhuri, and C. V. Johnson. “Notes on D-Branes”. hep-
th/9602052, NSF-ITP-96-003, (1), 1996.
[114] A. Polyakov. “Particle spectrum in the quantum field theory”. JETP Lett.,
(20):194–195, 1974.
[115] A. Polyakov. Sov. Phys. JETP, (41):988, 1976.
[116] A. V. Proeyen. “Special Ka¨hler geometry”. hep-th/0002122, Meeting on
Quaternionic Structures, Trieste, Italy, September 1994.
[117] A. V. Proeyen. “Special geometries, from real to quaternionic”. hep-th/0110263,
Workshop on Special Geometric Structures in String Theory, Bonn, Germany,
September 2001.
[118] L. Randall and R. Sundrum. “A Large Mass Hierarchy from a Small Extra
Dimension”. hep-ph/9905221, Phys. Rev. Lett., (83):3370–3373, 1999.
[119] L. Randall and R. Sundrum. “An Alternative to Compactification”. hep-
th/9906064, Phys. Rev. Lett., (83):4690–4693, 1999.
[120] N. Riazi. “Geometry and topology of solitons”. hep-th/0102152, February 2001.
[121] W. A. Sabra. “General static N = 2 black holes”. hep-th/9703101, Mod. Phys.
Lett. A, (12):2585–02590, 1997.
[122] W. A. Sabra. “Black holes in N = 2 supergravity theories and harmonic
functions”. hep-th/9704147, Nucl. Phys. B, (510):247–263, 1998.
141
[123] W. A. Sabra. “Black holes in N = 2 supergravity theories and harmonic
functions”. hep-th/9704147, Nucl. Phys. B, (510):247–263, 1998.
[124] W. A. Sabra. “General BPS black holes in five dimensions”. hep-th/9708103,
Mod. Phys. Lett. A, (13):239–251, 1998.
[125] W. A. Sabra. “Anti-De Sitter BPS black holes in N = 2 gauged supergravity”.
hep-th/9903143, Phys. Lett. B, (458):36–42, 1999.
[126] A. Sen. “Dyon-Monopole Bound states, self-dual harmonic forms on the multi-
monopole moduli space and SL(2,Z)”. hep-th/9402032, Phys. Lett. B, (329):
217–221, 1994.
[127] A. Sen. “An Introduction to Non-perturbative String Theory”. hep-th/9802051,
Cambridge 1997, Duality and supersymmetric theories, (1):297–413, 1997.
[128] K. Stelle. “BPS branes in supergravity”. hep-th/9803116, Trieste 1997, High
energy physics and cosmology, (1):29–127, 1998.
[129] A. Strominger. “Yukawa couplings in superstring compactification”. Phys. Rev.
Lett., (55):2547, 1985.
[130] A. Strominger. “Open p-branes”. hep-th/9512059, Phys. Lett. B, (383):44–47,
1996.
[131] A. Strominger. “Loop corrections to the universal hypermultiplet”. hep-
th/9706195, Phys. Lett. B, (421):139–148, 1998.
[132] A. Strominger and C. Vafa. “Microscopic Origin of the Bekenstein Entropy”.
hep-th/9601029, Phys. Lett. B, (379):99–104, 1996.
[133] L. Susskind. “Some Speculations about Black Hole Entropy in String Theory”.
hep-th/9309145, September 1993.
[134] L. Susskind. “The World as a Hologram”. hep-th/9409089, J. Math. Phys.,
(36):6377–6396, 1995.
[135] L. Susskind. “Another conjecture about M(atrix) theory”. hep-th/9704080,
1997.
[136] H. Suzuki. “Calabi-Yau compactification of type IIB string and a mass formula
of the extreme black holes”. hep-th/9508001, Mod. Phys. Lett. A, (11):623–630,
1996.
[137] G. ’t Hooft. Nucl. Phys. B, (72):461, 1974.
[138] G. ’t Hooft. “Magnetic monopoles in unified gauge theories”. Nucl. Phys. B,
(79):276–284, 1974.
142
[139] G. ’t Hooft. “Dimensional Reduction in Quantum Gravity”. gr-qc/9310026,
Salamfest, (1):0284–296, 1993.
[140] M. Tegmark. “On the dimensionality of spacetime”. gr-qc/9702052, Class.
Quant. Grav., (14):L69–L75, 1997.
[141] M. Tegmark. “Is the theory of everything merely the ultimate ensemble the-
ory?”. gr-qc/9704009, Annals Phys., (270):1–51, 1999.
[142] G. Tian. “Mathematical aspects of String Theory”. World Scientific, (1):629,
1987.
[143] P. Townsend. “Brane Surgery”. hep-th/9609217, Nucl. Phys. Proc. Suppl.,
(58):163–175, 1997.
[144] P. K. Townsend. “Four Lectures on M-Theory”. hep-th/9612121, Trieste 1996,
High energy physics and cosmology, (1):385–438, 1996.
[145] A. Tseytlin. “Harmonic superpositions of M-branes”. Nucl. Phys., B(475):149,
1996.
[146] A. Tseytlin. “Composite BPS configuratiuons of p-branes in 10 dimensions and
11 dimensions”. hep-th/9702163, Class. Quant. Grav., (14):2085–2105, 1997.
[147] C. Vafa. “Evidence for F-Theory”. hep-th/9602022, Nucl. Phys. B, (469):
403–418, 1996.
[148] R. M. Wald. “General Relativity”. The University of Chicago Press, Chicago,
1984.
[149] P. C. West. “Supergravity, Brane Dynamics and String Duality”. hep-
th/9811101, Cambridge 1997, Duality and supersymmetric theories, (1):147–
266, 1997.
[150] E. Witten. “String Theory Dynamics in Various Dimensions”. hep-th/9503124,
Nucl. Phys. B, (443):85–126, 1995.
[151] E. Witten and D. Olive. “Supersymmetry algebras that include topological
charges”. Phys. Lett. B, (78):97, 1978.
[152] D. Youm. “Black holes and solitons in string theory”. hep-th/9811133, Phys.
Rept., 316:1–232, 1999.
[153] B. Zumino. “Supersymmetry and Ka¨hler manifolds”. Phys. Lett. B, (87):203,
1979.
143
